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PREFACE. 



When I occupied the Mathematical Chair, 
I was led to consider closely the difficulties 
and impediments in the ordinary mode of 
teaching Geometry. I therefore resolved to 
frame a system of instruction, well balanced, 
and suitable to the advanced state of science. 
My great object was to unite theory with prac- 
tice, to connect the ancient with the modern 
discoveries, and to avoid the prolixity, with- 
out departing from the strictness and beauty, 
of Greek demonstration. 

Though part only of the original plan has 
been executed, it yet includes a tolerably com- 
plete body of Elementary Geometry. This 
digest, however, was designed for Students 
who engage in a course of six months, and 
require their powers of reasoning to be exer- 
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cised by a slow and rather extended proce- 
dure. But many individuals of riper minds 
are anxious to supply the defects of their 
early education, and eager to obtain, by a 
moderate shate of application, such an ac- 
quaintance with Mathematics, as will qualify 
them for cultivating profitably the wide do- 
main of Natural Philosophy. 

By recasting the several treatises, by re- 
jecting every proposition not essential, and 
by reducing and condensing the rest, I have 
succeeded in comprising, in this small vo- 
lume, all that is truly valuable in Geometry. 
It is adapted for a course of three months, 
but is perfectly accessible, I trust, to the soli- 
tary Student, who shall peruse it with care 
and resolution* Geometrical Analysis, assi- 
milating with Inductive Philosophy, forms 
the best preparation for exploring the sources 
of Physical Science* 

The great error in modern education con- 
sists in the undue attention paid to the dead 
languages, which consumes the precious time 
that should be devoted, during the freshness 
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of youth, to the higher intellectual pursuits. 
The study of Mathematics becomes always 
more difficult and irksome, the longer it is 
deferred. The road to abstract science can 
certainly be smoothed ; but we may rest as- 
sured, that any popular version is quite illu- 
sory, and that no portion of sound knowledge 
is ever acquired without some corresponding 
exertion of mind. 



College of Edinburgh, \ 
5th May 1828. J 
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INTRODUCTION. 

Number was framed to express merely the aggre- 
gation of individuals of the same class. But, from 
an extension of the principle of like composition, it 
came afterwards to represent Magnitude or Quan- 
tity in general. Quantities being viewed as the col- 
lection of certain elementary portions, magnitude 
was hence assimilated to multitude. 

Those elementary portions or component units 
were often arbitrary, and commonly derived from the 
measurement of the human body. Thus, tJie fathom^ 
the yard, the cubit, the palm, the foot, or the inch, 
were taken as standards of length ; and from these 
originated the various superficial and solid measures. 
Water, being a fluid of uniform constitution, fur- 
nished by its bulk the basis of a system of weights. 



2 EUDIMENTS OF PLANE GEOMETRY. 

In some cases, Nature suggested the simplest sub- 
division of Quantity. Thus, an miffle is estimated 
from the partition of the circumference of a circle j 
and time, which bears some analogy to it, is reckon- 
ed by the periods of the revolution of the sun, the 
moon, or the stars. 

If a Quantity cannot be formed completely, by re- 
peating the usual standard, the application of a smaller 
measure may reach it more nearly ; but the succes- 
sive subdivisions of the unit will approach to any de- 
gree of accuracy. 

It is possible, however, to conceive a Quantity so 
circumstanced^ as to admit of no absolute measure, 
which by repetition shall exhaust the whole, without 
leaving any remainder. But this apparent imperfec- 
tion, arising from the infinite variety attributed to pos- 
sible magnitude, creates no real obstacle to the pro- 
gress of accurate science. The measure, or primary 
element, being assumed successively smaller and 
smaller, its corresponding remainder must continual- 
ly diminish. This progressive exhaustion will hence 
approximate nearer than any assignable difference to 
its final term. 

It is obvious, that quantities of any kind, whether 
of length, extent, or weight, must have the same 
composition, when each contains its measure an equal 
number of times. But quantities viewed in pairs 
may be considered as having a similar composition, if 
the corresponding terms of each pair contain its mea- 
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sure equally. Two pairs of quantities of a similar 
composition, being thus formed by the same distinct 
aggregations of their elementary parts, constitute a 
Proportion or Analogy. 



To facilitate the investigation of the properties of 
Numbers^ it is expedient to adopt a clear and concise 
mode of notation. 



1. The sign = expresses equality^ -^^^ majoriiy^ and 
minority. Thus, A 7:?* B signifies that A is greater than 
B, and A «^ B imports that A is less than B. 

2. The signs + and — , or plus and winiiSy mark the 
addition and subtraction of the quantities to which they 
are prefixed : Thus, A + B denotes that B is to be joined 
to A, and A — B signifies that B is to be taken away from 

A. Sometimes these two symbols are combined toge- 
ther : Thus, A =±= B represents either the sum of A and 

B, or the excess of A above B. 

3. To express multiplication, the quantities are placed 
close together; or they may be connected by the full 
point (.), or the St Andrew's cross X : Thus, AB, or A.B, 
or A X B, denotes the product of A by B ; and ABC 
indicates the result of the continued multiplication of A 
by B, and of this product again by C. 

4. When the same number is repeatedly multiplied, 
the product is termed its power ; and the number itself^ in 
reference to that power, is called the root. The notation 
here may be still farther abridged, by retaining only a sin- 

a2 
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gle letter witli a small figure placed over it, to mark bow 
often it is understood to be repeated : Tbis figure serves 
also to distinguisb tbe order of tbe power, Tbus A A, or 
As signifies tbat A is multiplied by A, and tbat tbe pro- 
duct is tbe second power of A ; and AAA, or A% in like 
manner, imports tbat AA is again multiplied by A, and 
tbat tbe result is tbe third power of A. 

5. A root is denoted, by prefixing tbe contracted r, or 

2 

tbe symbol V. Tbus, VA or VA marks \he second root 
of A, or tbat number of wbicb A is tbe second power ; 

V A signifies the third root of A, or the number wbicb has 
A for its third power. 

6. To represent tbe multiplication of complex quantities, 
they are included by a parenthesis. Tbus, A(B + C — ^D) 
denotes that tbe amount of B-|-C*->D, considered as a 
simple quantity, is multiplied into A. 

7. Ratios and analogies are expressed, by inserting points 
in pairs between tbe terms. Tbus A : B denotes tbe ra- 
tio of A to B ; and tbe compound symbols A : B : : C ; D, 
signify tbat tbe ratio of A to B is tbe same as tbat of C 
to D, or tbat A is to B as C to D. 

8. Tbe result of tbe multiplication of two numbers is 
called their product, and, in reference to it, tbe numbers 
themselves are i^vmtA factors. 

9. A divisor is tbe number contained in another called 
the dividend, tbe quotient expressing bow often it is so con- 
tained. 
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The following Definitions are also required : 

1. Quantities are homogeneous^ which can be added or 
subtracted. 

2. One quantity is said to contain another, when the 
repeated subtraction of the smaller leaves no remainder. 

3. A quantity which is contained in another, is said to 
measure it. 

4. The quantity which is measured by another, is called 
its multiple: and that which measures the other, its sub^ 
multiple, 

5. Like multiples and submultiples are those which 
contain their measures equally, or which measure equally 
their corresponding compounds. 

6. Quantities are commensurable^ which have a finite 
common measure ; they are incommensurable^ if they will 
admit of no such measure. 

7. That relation which one quantity is conceived to bear 
to another regarding their composition, is named a ratio. 

8. A proportion or analogy consists in the identity of 
ratios, or similarity in the composition of quantities. 

9. A ratio is direct^ if it follows the order of the terms 
compared ; it is inverse or reciprocal^ when it holds a re- 
versed order. 

Thus, if the ratio of A to B be considered as direct^ the ratio of 
B to A is inverse or reciprocal, 

10. Four quantities are said to be proportional^ when a 
submultiple of the first is contained in the second as often 
as a like submultiple of the third is contained in the fourth. 

11. Of proportional quantities, the first of each pair is 
named the antecedent^ and the second the consequent. 
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12. Quantities form a continued proportion^ when the 
intermediate terms stand in the double relation of conse- 
quents and antecedents. 

13- The ratio which one quantity has to another, may 
be considered as compounded of all the connecting ratios 
among interposed quantities. 

Thus^ the ratio of A to D is viewed as compounded of that of A 
to 6, that of B to C> and that of C to D. 

14. A ratio combined twice forms a duplicate ratioj of 
which it again is termed the svbduplicate. 

15. When a proportion consists of three terms, the 
middle one is said to be a mean proportional between the 
two extremes. 

16. Of quantities in a continued proportion, the first is 
said to have to the third, the duplicate ratio of what it has 
to the second ; to have to the fourth, a triplicate ratio ; to 
the fifth, a quadruplicate ratio; and so forth, according 
to the number of ratios introduced between the extreme 
terms. 



Since all quantities can be expressed to any degree of 
accuracy by Numbers, it is obvious that tike reasoning 
respecting Numerical Proportions must apply to Pro- 
portions in General. 
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PROPOSITION I. 



Homogeneous quantities are proportional to their 
like multiples or submultiples. 

Let A, B be two quantities of the same kind, and pAy 
|)B their like multiples ; then A : B : : pK : /?B. 

For, since A and B are capable of being measured to 
any required degree of precision, suppose a to be the mea- 
sure which A and B contain respectively m and n times, 
or that A=97i.a and B=in.a. Whence/? A =jt>.7wa=»i.j9a, 
and pB = p.na = n.pa ; and therefore a and pa are like 
submultiples of A and of ^ A, which contahi them several- 
ly m times; and these like submultiples are both contain- 
ed equally, or n times, in B and in ^B. Wherefore the 
quantities A, B, and jpA, 7?B are proportional ; and A, 
jpA are the antecedents, and B, pB, the consequents, of 
the analogy. 

Again, because the ratio of jpA to ^B is thus the same 
as that of A to B, which, in reference top A andpB, are 
only like submultiples, it follows that homogeneous quan- 
tities are also proportional to their like submultiples. 

PROPOSITION II. 

In proportional quantities, according as the first 
term is greater, equal, or less than the second, the 
third term is greater, equal, or less than the fourth. 

Let A: B::C:D; if A-:7-B, then C-z^^D; if A=: B 
then C = D ; or if A-s^lB, then C^D. 

For, if A be greater than B, then the measure or sub* 
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multiple of A must be contained oftener in B, and hence 
the like submultiple of C will be contained oftener in D 
wherefore C is greater than D. 

If A be equal to B, the measure of A is contained equal- 
ly in B, and hence that of C in D, or C is equal to D. 

But, if A be less than B, the measure of A is not con- 
tained so often in B, and hence the measure of C is not 
contained so often in D, or C is less than D. 

PROPOSITION III. 

If four numbers be proportional, the product of 
the extremes is equal to that of the means ; and, of 
two equal products, the factors are convertible into 
an analogy, of which these form severally the extreme 
and the mean terms* 

Let A : B : : C : D; then AD = BC. 

For (1.) A.D : B.D : : B.C : B,D; and the second 
term of this analogy being equal to the fourth, therefore 
(2.) AD = BC. 

Again, let AD = BC; then A : B : : C : D. 

For, by identity of ratios, AD : BD : : BC : BD, and 
hence (1.) A : B : : C : D. 

Cot. Hence a proportion is not affected, by transposing 
or interchanging its extreme and mean terms. — It follows, 
therefore, 1. That the terms of an analogy may be inverted^ 
or that the second is to the first, as the fourth to the third ; 
and 2. That they may be alternated^ or that the first is to 
the third, as the second to the fourth. 
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PROPOSITION IV. 

The tenns of a numerical or homogeneous ana- 
logy are proportional by composition ; or the sum 
of the first and second is to the second^ as the sum 
of the third and fourth to the fourth. 

Let A : B : : C : D, then by composition A+B : B : : 
C + D : D. 

Because A ; B : : C : D, the product AD = BC (3.) ; 
add to each of these the product BD, and AD + BD = 
BC+BD. But AD + BD = D(A+B), and BC + BD 
= B(C + D) ; wherefore (3.) assuming the factors of 
these equal products for the extreme and mean terms, 
A+B: B: : C+D: D. 



PROPOSITION V. 

The terms of a numerical or homogeneous ana- 
logy are proportional by divisiofi; or the difference 
of the first and second is to the second, as the diffe- 
rence of the third and fourth to the fourth. 

Let A : B : : C : D ; suppose A to be greater than B, 
then will C be greater than D (2.) : It is to be proved 
that A — B: B: : C — D: D. 

For, since A : B : : C : D, the product AD = BC 
(3.), and, taking BD from both, the compound pro- 
duct AD — BD is equal to BC — BD,- wherefore, by 
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resolution, (A — B)D = B(C — D), and consequently 
A — B: B::C — D:D. 

If B be greater than A, then BD — AD =r BD— BC^ 
and, by resolution, (B — A)D = B(D — C); whence 
B — A: B::D~C:D. 

Car. By inverting the two last propositions, it follows 
that the terms of an analogy are proportional by conver^ 
sum ; or the first is to the sum or difference of the first 
and second, as the third to the sum or difference of the 
third and fourth. 



PROPOSITION VI. 

The terms of a numerical or homogeneous ana- 
logy are proportional, by mixing; or the sum of the 
first and second is to the difference, as the sum of 
the third and fourth to their difference. 

Let A : B : : C : D, and suppose At^B ; then A + B : 
A— B : : C+D : C— D. 

For, by conversion, A : A+B : : C : C+D, and alter- 
nately A ; C : : A+B : C+D. 

Again, by conversion, A : A — B : : C : C — D, and al- 
ternately A : C : : A — B : C — D. Whence, by identity 
of ratios, A+B : C+D : : A — B : C— »D, and alternately 
A+B : A— B : : C+D : C— D. 

The same reasoning will hold if A be less than B, the 
order of these terms being only changed. 
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PROPOSITION VIL 

If the means or extremes be the same, or alternate 
in two analogies, a third one may be obtained, by 
interchanging those terms. 

L Let A : B : : C : D, and E : B : : C : F ; then 
A : E : : F : D. 

For, since A : B : : C : D, AD = BC ; and because 
E : B : : C : F, EF = BC. Whence AD = EF, and 
A : E : : F : D. 

2. Let A : B : : C : D, and E : A : : D : F ; then 
B : E : ; F : C. 

For, from the first analogy, AD = BC, and, from the 
fiecond, EF = AD; whence BC = EF, and consequently 
B : E : : F ; C. 

PROPOSITION vin. 

If there be any number of homogeneous propor- 
tionals, as one antecedent to its consequent, so is the 
sum of all the antecedents to the sum of all the con- 
sequents. 

Let A : B : : C : D : : E : F : : G : H; then A : B : : 
A+C+E+G : B+D+F+H. 

Because A : B : : C : D^ (3.) AD =: BC ; and, since 
A : B : : E : F, AF = BE, and, for the same reason, 
AH = BG. Consequently, the aggregate products, 
AB+AD+AF+AH = BA+BC+BE+BG; and, by 
resolution, A(B + D + F + H) = B(A + C + E + G) ; 
whence A : B : : A+C+E + G ; B+D+F + H, 
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PROPOSITION IX. 

If two analogies have the same terms as antece- 
dents or as consequents, a third analogy may be form- 
ed, by interchanging those pairs of terms. 

Let A : B : : C : D and A : E : : C : F; then B : E : : 
P : F; or if A : B : : C : D, and B : E : : D : F; then 
'a : E : : C : F. 

For, by alternating those analogies, the identity of the 
ratios will appear, which, by applying alternation, will 
produce the new analogy. 

PROPOSITION X. 

In continued proportionals, the difference between 
the first and second is to the first as the difference 
between the first and last terms to the sum of all the 
terms excepting the last. 

Let A : B : : B : C : : C : D : : D : E; then, if A::::^B 
A — B: A: : A — E: A+B+C+D. 

For(i.) A: B:: A + B + C + D: B + C + D + E, 
and consequently A— B: A : : (A + B+C + D) 
— (B + C + D + E) : A + B+C+D; that is, omitting 
B+ C+D in the third term, A-B : A : : A-E : A+B+C+D. 

If A,^ B, then B — A : A : : (B + C + D + E) 
—(A + B+C+D) : A + B+C+D, that is, B— A : A : : 
E — A: A + B+C+D. 
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PROPOSITION XI. 

The products of the like terms of any numerical 
proportions, are themselves proportional. 

Let A : B : : C : D 
E : F : : G : H 
I: K::L:M; 
then AEI : BFK : : CGL : DHM. 

For (2.), from the first analogy AD = EC, from the 
second analogy EH = FG, and from the third analogy 
IM = KL ; whence the compound product AD.EH.IM 
= BCFG.KL. But AD.EH.IM = AEI.DHM, and 
BC.FG.KL = BFK.CGL ; wherefore AEI.DHM = 
BFK.CGL, and consequently (2.) AEI : BFK : : CGL : 
DHM. 

PROPOSITION XII. 

The ratio which is conceived to be compounded of 
other ratios, is the same as that of the products of 
their corresponding numerical expressions. 

Suppose the ratio of A : D is compounded of A : B, of 
B : C, and of C : D, andlet A : B : : K : L, let B : C : : 
M : N, and let C : D : : O : P; then will A : D : : 
KMO : LNP. 

For, since A : B : : K : L, 
B : C : :. M : N, 
and C : D : : O : P, 
the products of the similar terms are proportional; or 
ABC 2 BCD : : KMO : LNP. But A : D : : ABC : BCB 
(3.), and consequently A : D : : KMO : LNP. 
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PROPOSITION xm. 

A duplicate ratio is the same as the ratio of the se- 
cond powers of the terms of its numerical expression, 
and a triplicate ratio is the same as that of the third 
powers of those terms. 

Let A : B : : B : C : : C : D ; then A^ : B« : : A : C, 

and A' : B' : : A : D. 
For, since A : B : : B : C, 

and A : B : : A : B, the products of the corre- 
sponding terms are proportional, (ll.)or A^: B* : : BA : CB. 
Whence (1.) A^ : B* : : A : C. 

Again, since A : B : : B : C, 
and A : B : : C : D, 
and A : B : : A : B, 
A' : B' : : BCA : CDB. And consequently, by combi- 
nation, A' : B' ; : A : D. 

PROPOSITION XIV. 

Given two homogeneous quantities, to find, if pos- 
sible, their greatest common measure. 

Let it be required to find the greatest common measure, 
which two quantities A and B, of the same kind, will ad- 
mit Assuming A to be greater than B, take B repeatedly 
out of A, till the remainder C be less than it ; again, take 
C by succession out of B, till there remain only D ; and 
continue this decomposition, till the last divisor, suppose 
E, leave no remainder whatever ; E is the greatest com- 
mon measure of the quantities proposed. 
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For, because the quantity sought measures B, it will 
measure its multiple ; and since it also measures A, it must 
measure evidently the difference between the multiple of 
B and A, that is, C ; the required measure, therefore, 
measures the multiple of C, and consequently the diflFe- 
rence of this multiple from B, that is, D : And lastly, this 
measure, since it measures the multiple of D, must mea* 
5ure the difference of this from C, or E. Conceiving the 
decomposition to terminate here, the common measure of 
A and B, since it measures E, must be E itself; and it is 
also the greatest possible measure, for nothing greater 
than E can contain it. 

By retracing the steps likewise, it might be shown, that 
E actually measures the whole train, the preceding terms 
D, C, B, and A. 

If the process of decomposition should never terminate, 
the quantities A and B do not admit of a common mea- 
sure, — or they are incommensurable* But, as the residue 
of the subdivision is necessarily diminished at each step of 
this operation, it is evident that some element may always 
be discovered, which will measure A and B nearer than 
any assignable limit. 

PROPOSITION XV. 

To express by numbers, either exactly or approxi- 
mately, the ratio of two given homogeneous quanti- 
ties. 

Let A and B be two quantities of the same kind, whose 
numerical ratio it is required to discover. 

Find, by the last proposition, the greatest common mea- 
sure E of the two quantities ; and let A contain this mea- 
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sure K times, and B contain it L times : Then will the 
ratio K : L express the ratio of A : B. 

For the numbers K and L severally consist of as many 
units, as the quantities A and B contain their measure E. 
It is also manifest, since E is the greatest possible divisor^ 
that K and L are the smallest numbers capable of express*^ 
ing the ratio of A to B. 

If A and B be incommensurable quantities, their decom^ 
position is capable at least of being pushed to an unlimit- 
ed extent; and, consequently, a divisor can always be 
found so extremely minute, as to measure them both to 
any degree of precision. 

PROPOSITION XVI. 

The portions of a number are incommensurable, 
of which the second power of the one is equal to the 
products of the whole and the remainder. 

Let A be any number divided into two parts B and C, 
such that B^ = AC ; these are incommensurable portions. 

For put A— B = C, and B— C = D. Since B« = AC, 
take BC or CB from both, and B^ — BC = AC — CD, 
or B(B— C) = C(A — D); that is, BD = C^ Where- 
fore, when B is taken out of A, the same relation sub- 
sists between C and D, the portions of the remainder B. 
And it follows that, repeating the operation, the second 
power of the greater portion would, at each step, be 
equal to the product of each successive whole and its re- 
iiia.i;(iu. riiis process of decomposition would hence 
never terminate ; and therefore no final divisor, however 
small, can exist, which would render the numbers com- 
mensurable. 

2 
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BOOK L 

Geometry is that branch of natural science which 
treats of bounded space. 

Our knowledge of external objects is received 
through the medium of the senses. The science of 
Physics considers Bodies as they actually exist, in- 
vested with all their qualities : Its researches are 
hence guided by that refined species of observation 
which is termed Experiment. But Geometry takes 
a more confined view j and, selecting the single pro- 
perty of Magnitude^ it can safely pursue the most 
lengthened train of investigation. It contemplates 
merely the external forms of bodies, and the spaces 
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which they occupy. Geometry is thus founded like- 
wise on observation ; but of a kind so familiar and 
obvious, that the primary notions which it furnishes 
might seem intuitive. This science, proceeding from 
a basis of extreme simplicity, is therefore superemi- 
nently distinguished, by the luminous evidence which 
attends every step of its progress. 



PRINCIPLES. 

In contemplating an external object, we can, by re- 
peated acts of abstraction, reduce the complex notion 
that arises in the mind into others which are succes- 
sively simpler. Body^ divested of all its essential 
characters, presents the idea of mere surface; a sur* 
face^ considered distinct from its peculiar qualities, 
exhibits only linear boundaries; and a Hne^ if we 
throw aside its continuity, leaves nothing in the ima- 
gination but ihe points which denote its extremities. 
A solid is bounded by surfaces; a surface is circum- 
scribed by lines; and a line is terminated by points. 
A point assigns j^o^iVion ; a Ime m^xk^ distance ; and 
a surface shews extension. A line has length only } 
a surface has both length and breadth ; and a solid 
combines all the three dimensions of lengthy breadth 
and thickness. 
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The uniform tracing of a line, which is stretched 
through its whole extent in the same direction, gives 
the idea of a straight line. No more than one 
straight line can hence join two points \ and if a 
straight line be conceived to turn like an axis about 
both extremities, its intermediate points will not 
change their position. 

From our idea of a straight line is derived that of 
a fi^ne surface, which has a like uniformity of cha- 
racter. A straight line connecting any two points 
situate in a plane, lies wholly on the surface ; and 
consequently planes must admit a mutual applica- 
tion. 

Two points indicate the position of a straight line ; 
for the line may be conceived to turn about one of 
those points till it falls upon the other. But to as- 
sign the position of a plane, it requires three points ; 
because a plane touching the straight line which joins 
two of the points, may be made to revolve, till it 
meets the third point. 

The separation or opening of two straight lines 
at their point of intersection, constitutes an angle. 
If we obtain the idea of distance^ or linear extent, 
from the inspection oi progressive motion, we derive 
that of divergence^ or angular magnitude, from the 
consideration oi revolving vaoiion. 

b2 
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Geometry is divided into Plane and Solid ; the 
former confining its views to the properties of space 
figured on the same plane ; the latter embracing the 
relations of different planes or surfaces, and of the 
solids which these may describe or terminate. In the 
following definitions, therefore, the points and lines 
are all considered as existing in the same plane* 



DEFINITIONS. 





1. A crooked line is that which con- 
sists of straight lines not continued in 
the same direction. 

2. A curved line is that of which no 
portion is a straight line. 

3. The straight lines which contain an angle are called 
its sides^ and their point of origin, or intersection, its ver- 
tex. 

To abridge the reference, it is usual to intimate an angle by 
tracing its sides; the letter at the vertex, ^ 
which is comm6n to them both, being put in 
the middle. Thus the angle contained by the 
straight lines or sides AB and BC, or the "^ ^ 

opening formed by turning BA about the point or vertex B into 
the direction BC, is designed ABC or CBA. 

The angle ADC may successively 
widen or enlarge into AD£, ADF, till, 
making half a revolution, it expands into 
ADB, being then contained by DA and 
DB, the opposite portions of the same 
straight line. 
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A Straight line turning about the point C^ and cutting AB, will 
tuccessively augment the exte- 
rior angle, in travelling from A 
towards B. For it is obvious, 
that while the side GB slides 
along AB, the other side GC must 
open or enlarge the angle CGB, 

to allow it, from the advanced point £> to reach to C, with the 
angle CEB. This extreme angle successively expands into CDB 
and CFB. 

When a straight line, revolving about 
the point B, comes into the position CBE, 
such that the angles CBA, CBD, and 
consequently ABE and DBE, are all |b 

equal, it evidently quarters the whole 
drcuit. A 



4. The fourth part of the entire revolu- 
tion made by a straight line is termed a 
right angle. 



5* The sides of a right angle are said to be perpendicur 
lar to each other. 



6. An acute angle is less than a right 
angle. 




7, An obtuse angle is greater than a 
right angle. 



8. One side of an angle forms with 
the other side produced, a supplemen- 
tal or exterior angle. 
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9. A vertical angle is formed by the 
production of both its sides. 



Vertical angles, having the same opening, are consequently equal. 

10. A reverse angle is produced by the inverted open- 
ing of its sides, being composed of the vertical and two 
exterior angles. 

11. Two straight lines are said to 
be inclined to each other, if they meet 
when produced ; and the angle so 
formed is called their inclination. 



12* Straight lines which have no mu- 
tual inclination, are termed parallel. 



13. A figure is a plane surface included by a linear 
boundary called its perimeter. 

14. Of rectilineal figures, the triangle is contained by 
three straight lines. 



15. An isosceles triangle is that which has 
two of its sides equal. 

16. An equilateral triangle is that which 
has all its sides equal. 

17. A right-angled trieLUgle is that which 
has a right angle. 
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1 8. An obtuse angled triangle is that 
which has an obtuse angle. 





19. An acute angled triangle is that 
which has aU its angles acute. 



20. Any side of a triangle may be called its bascj and 
the opposite angular point its vertex. 

21. A quadrilateral figure is contained hy four straight 
lines. 



22. Of quadrilateral figures, a 
rhomboidYidLS its opposite sides equal : 



23. A rhombus has all its sides equal : 



24. An oblong^ or rectangle^ has a right 
angle, and its opposite sides equal : 



25. A square has a right angle, and all 
its sides equal : 



26. A quadrilateral figure, of which the opposite sides 
are parallel, is called b, parallelogram. 
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27. A straight line joining the op- 
posite angular points of a quadrila- 
teral figure, is named a diagonal, 

28. A rectilineal figure having more than four sides, 
bears the general name of a polygon. 

29. A circle is a figure described by the revolution of a 
straight line about one of its extremities : 

30. The fixed point is called the centre 
of the circle, the describing line its radius, 
and the boundary traced by the remote end 
of that line its circumference. 

31. The diameter of a circle is a straight line drawn 
through the centre, and terminated both ways by the cir- 
cumference. 

It is obvious that all radii of the same circle are equal to each 
other and to a semidiameter. It likewise appears, from the slight- 
est inspection, that a circle can have only one centre, aAd that 
circles are equal which have equal diameters. 

32. Figures are said to be equal, when, being applied 
to each other, they wholly coincide ; they are equivalent, 
if, without coinciding, they yet contain the same space. 
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A Proposition is a distinct portion of abstract science : 
It is either a problem or a theorem. 

A Problem proposes to effect some combination. 

A Theorem advances some truth, which is to be esta- 
blished. 

A problem demands solution, a theorem requires demon- 
stration : the former implies some operation, and the lat- 
ter commonly proceeds by the aid of a construction. 

A direct demonstration descends from the premises by 
a regular deduction. 

An i;}c/tVec^ demonstration attains its object, by showing 
that any other supposition than the one advanced would 
involve a contradiction. 

A Corollary is an obvious consequence resulting from 
a proposition. 



The qpercUions in Geometry sufq)0se the drawing of 
straight lines and the description of circles, or they require 
in practice the use of Ike rule and compasses. 
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PROPOSITION I. PROBLEM. 

Two sides of a triangle, with their contained angle 
being given, to construct the triangle. 

Let the straight lines A and B mark the lengths of two 
sides, and CDE represent their contained angle. 

Take DF and DG respective- 
ly equal to A and B ; and the 
straight line FG, which joins 
those extreme points, must evi- 
dently form the base of the tri- 
angle required. 

Car, Two sides and the angle contained by them will 
hence determine the identity of triangles, and triangles 
must be equal which have those mutual equalities. 

An angle may^ in practice^ be transferred by means of a 
jointed rtder^ which opens cut pleasure. 

PROP. IL PROB. 

To construct a triangle, of which the three sides 
are given. 

Let AB represent the base, and G, H two sides of the 
triangle, which it is required to construct 

From the centre A, with the distance G, describe a cir- 
cle ; and, from the centre B, with the distance H, describe 



28 



UUDJMKNTS OF PLANE GEOMETIIY. 




another circle, cutting the 
former in the point C ; join 
AC and BC, and ACB is the 
triangle required. 

Because all the radii of the 
same circle are equal, AC is 
equal to G ; and, for the same 
reason, BC is equal to H. Consequently the triangle ACB 
answers the conditions of the problem. 

If the radii G and H be equal to each other, the tri- 
angle will evidently be isosceles ; and if those lines be like- 
wise equal to the base AB, the triangle must farther be 
equilateral. 

Cor. Hence triangles are equal, which have their sides 
respectively equal. 

PROP. III. PROB. 

A side being given, to form an angle equal to a 
given angle. 

From D the end of DE, to annex another side DF, mak- 
ing an angle equal to BAC. 

In AB and AC assume the points G and H, join GH, 
from DE cut off DI equal 
to AG, and upon DI con- 
struct (1. 2.) a triangle DIK, 
having its sides DK and IK 
equal respectively to AH 
and GH ; IDK or EDF is the angle required. 

For the triangle DKI (1. 2. cor. ) admitting a perfect adap- 
tation with AHG, the angle IDK must be equal to GAH. 

This construction will become simpler, if the segments 
AG and AH be taken equal. 
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Gyr. By the repeated application of this problem, an 
angle may be continually multiplied. 
For, having described a circle about the 
vertex B, and inserted the base AC suc- 
cessively in the circumference, a series 
of equal angles CBD, DBE, EBF, 
EBG, EBH, &c. will be constituted ; so 
that the compound angles ABD, ABE, ABF, ABG, 
ABH, &c. are severally the double, the triple, the quadru- 
ple, the quintuple, the sextuple, &c. of the angle ABC. 

It is farther evident, that such several additions have 
no limit, and that the angle so formed may continue to 
spread out its opening side, and make even repeated re- 
volutions. 

Infield qperationsy an angle is'transferred by a Triangle of 
Cordj tied at the vertex^ and knotted at the ends of the base ; 
andhencej by the application of Proposition /., an inaccessible 
distance can be measured. 

PROP. IV. PROB. 

To bisect a given angle. 

Let it be required to divide the angle ABC into two 
equal angles. 

In the side AB take any point D, from BC cut off BE 
equal to BD ; join DE, on which, assuming equal sides 
DE and EF, construct (I. 2.) the 
opposite isosceles triangle DFE ; the 
straight line BF, which joins their 
vertices, bisects the angle ABC. 

For the two triangles DBF and 
EBF, having the side DB equal to 
EB, the side DF to EF, and BF 
common to both, would admit a perfect adaptation, and 
consequently the angle DBF is equal to EBF. 
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Cor. Hence the mode of drawing a perpendicular from 
a given point B in the straight line AC ; for the angle 
ABC, which the opposite seg- 
ments BA and BC make with 
each other, being equal to two 
right angles, a straight line that 
bisects it must be the perpendi- 
cular required. Take BD equal 
to BE, and on the base DE con- 
struct the isosceles triangle DFE ; the straight line BF, 
which joins the vertex of the triangle, is perpendicular to 
AC. 

Hence a perpendicular may he traced on the ground by a 
cord DFEf tied at jP, and knotted at the equal distances D 
and Ei and at the middle B. 

PROPOSITION V. 

To let fall a perpendicular upon a straight line, 
from a given point above it. 

From the point C, to let fall a perpendicular upon the 
given straight line AB. 

In AB take, any where towards A, the point D, and 
with the distance DC describe a circle ; and, in the same 
line, take towards B another point E, and with the dis- 
tance EC describe a second circle intersecting the former 
in the point F ; join CF, crossing the 
given line at G : CG is perpendicu- 
lar to AB. 

For the straight lines DC, DF 
and EC, EF being joined, the tri- 
angles DCE and DFE have the side 
DC equal to DF, EC to EF, and 
DE common to them both ; whence (I. 2. cor.) the angle 
CDE or CDG is equal to FDE or FDG. And because, 
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in the triangles DCG and DFG, the side DC is equal to 
DF, DG common, and the contained angles CDG and 
FDG are proved to be equal ; these subordinate triangles 
are (I. 1.) equal, and consequently the angle DGC is 
equal to DGF, and each of them a right angle, or the line 
CG is perpendicular to AB. 

The construction will be rendered simpler in practice, 
by taking CE equal to CD, or describing a circle from C 
through the points D and £, the two centres of the inter- 
secting circles. 

PROP. VI. THEOR. 

A triangle is isosceles, which has equal angles at 
its base ; and conversely, the angles at the base of 
an isosceles triangle are equal. 

Let the triangle ABC have two equal angles BCA and 
BAC, the opposite sides BA and BC are likewise equal. 

For conceive a copy of this triangle to be inverted and 
laid over it ; the point C being applied to 
A, the point A will evidently fall upon C ; 
and while the side CB now stretches along 
AB, the side AB will stretch along CB. 
Those sides must therefore meet in the 
same vertex B; whence the side BC, from 
its entire coincidence, must be equal to BA. 

Again, the isosceles triangle ABC has the angles, BAC 
and BCA, at its base equal. 

For (L 4.) draw BD, bisecting the vertical angle ABC. 
Because the angle CBD is equal to ABD, 
the side BD common, and BC equal to 
BA, the triangle DBC, when turned over, 
would (1. 1. cor.) adapt itself to DBA ; and 
consequently the angle BAD or BAC is 
equal to BCD or BCA. ^ 

Corollary. Hence every equilateral triangle is equian- 
gular, and conversely. 
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PROP. VII. THEOR. 

In any triangle, that angle is the greater which is 
subtended by a greater side j and conversely, that 
side is the greater which lies opposite to a greater 
angle. 

If the side BC, of the triangle ABC, be greater than 
BA, the angle BAG, which it subtends, is greater than 
BCA. 

For let the part BD be taken equal to BA, and join AD. 
The triangle ABD being isosceles, the 
angle BAD is (I. 6.) equal to BDA ; 
and the angle BAG, being evidently 
greater than the former, must likewise 
be greater than BDA. But this angle 
again is greater than the interior angle BGA, (corollary 
to definition 3.) ; wherefore the angle BAG is still greater 
than BGA. 

Again, if the triangle have its angle GAB greater than 
AGB, the opposite side BG is also greater than AB. 

For, if BG be not greater than AB, it must either be 
equal to AB, or less than it. But these 
sides cannot be equal, for the angles GAB ^/\ 

and AGB would then be likewise equal ; 
nor can BG be less than AB, for AB would 
be greater than BG, and the angle AGB '^ ^ 

greater than GAB, or GAB less than AGB, which is ab- 
surd. The side BG is thus neither equal to AB, nor less 
than it, and is therefore greater than AB. 

Cor. Hence the nearest distance from a point to a straight 

line is a perpendicular, and the radiants approaching this 

are the shorter. 

2 
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PROP. VIII. THEOR. 

Two sides of a triangle are together greater than 
the base. 

The sides AB and BC, of the triangle ABQ are toge- 
ther greater than AC the base, or 
third side. 

For produce AB to D, till the 
addition BD be equal to BC, and 
join CD. 

The triangle CBD being thus 
isosceles, the angle DCB (I. 6.) 
is equal to CDB ; but the angle DCA is evidently greater 
than DCB, and consequently greater than CDB or CD A. 
Wherefore^ in the triangle ADC, the side AD (I. 2.) is 
greater than AC ; that is, AB and BD, or AB and BC 
conjoined, are greater than the base AC. 

Cor. By applying this proposition, it is shown generally 
that the nearest distance between two points is a straight 
line. 

PROP. IX. THEOR. 

If a straight line cut two parallels, it will form with 
them an exterior, equal to the interior, angle ; and 
conversely, if an incident line make those angles 
equal, their two corresponding sides will be parallel. 

If EFG cut the parallels CD and AB, the exterior 
angle EFC will be equal to the interior EGA ; or if the 
angles EGA and EFC be equal, the lines AB and CD 
are parallel. 
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For imagine a straight line^ extended indefinitely both 
ways, to turn gradually about the 
centre F, beginning from the po- 
sition EFN, and advancing to- 
wards A, it will evidently meet AG 
the upper part of AB somewhere 
in H ; but this point of concourse 
will constantly retire along GA, till 
it vanish beyond A ; the other 
branch of the revolving line will 
now meet GB the under part of 

AB at K, till, carrying its section always higher, it come» 
into the first position EFN. So long as this incident line 
cuts AB abofoe G, it makes the exterior angle EFH (Def« 3. 
cor.) yreater than EGA ; but when it comes to cut AB 
hdow G, the exterior angle EFL, or its vertical KFN, 
is (for the same reason) less than KGN or the vertical 
EGA. But, in passing through all the intermediate gra* 
dations, the line EGN must attain a certain position CFD, 
where the exterior angle EFC is just equal to EGA, and 
where EGN does not meet the extension of AB either 
above or below the point G. The exterior angle EFC, 
of the parallel CD, is thus equal to the interior EGA. 
But CFD is the only line drawn through F that can pro- 
duce such equality, which is hence the criterion of paral- 
lelism ; for the slightest deviation from that individual 
direction would occasion a concurrence with AB. 

Cor. Since the exterior angle EFC is equal to its ver- 
tical DFG, this angle must be equal to the interior or al- 
ternate angle FGA. Again, to the equal angtes AGF 
and CFE add CFG, and the two interior angles AGF 
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and CFG are together equal to CFE and CFG, which 
make two right angles. These equalijties mu3t likewise 
determine the parallelism of two lines. 

PROP. X. THEOR. 

Through a given point, to draw a straight line pa- 
rallel to a given straight line. 

To draw, through the point C, a straight line parallel 
to AB. 

Jn AB tfiim »»y point P, join QJ)$ 
And at Urn ppiot C mak^ {h 4.) an aor 
gle DCE equal to CDA ; the line CE 
if pv^lpl tp A^r 

Fpr t)^e angles CDA fn4 PiC£| thqs %xn^d equal^ ^e 
the aUer^ate aiji^ei^ which CD ^akes wit^ ^ straigjbyt 
lines C£ and AB, and therefore, by the last proposition^ 
these lines are parallel. 

The corollary to the last proposition suggests likewise 
two other simple constructions. 

PROP. XI. THEOR. 

An exterior angle of a triangle is equal to both its 
opposite interior angles, and all the interior angles 
are together equal to two right angles. 

llie exterior angle BCD, formed by the production of 
the side AC of the triangle ABC, is equal to the two op- 
posite interior angles CAB and CBA, and all the interior 

c2 
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angles CAB, CBA, and BCA of the triangle are together 
equal to two right angles* 

For having through the point C drawn the straight 
line CE parallel to AB ; the interior angle B AC is (I. 9.) 
equal to the exterior one £CD, and, for the same reason, 
the alternate angle ABC is equal to BCE. Wherefore 
the two angles CAB and ABC are equal 
to DCE and ECB, which together 
form the whole exterior angle BCD. 

Now, to the two interior angles CAB 
and ABC, and to the exterior angle 
BCD, add the adjacent angle BCA ; and all the interior 
angles of the triangle ABC are equal to BCD and BCA, 
or two right angles. 

Cor. Hence the two acute angles of a right-angled tri- 
angle are equal to one right angle ; and hence each angle 
of an equilateral triangle is two-third parts of a right 
angle. 

PROP. XII. THEOR. 

The interior angles of a rectilineal figure are equal 
to twice as many right angles, abating four, as the 
fic^ure has sides. 

The angles ABC, BCD, CDE, DEA, (a reverse angle 
in this figure,) and EAB are collectively equal to four 
right angles. 

For assume a point O within the figure, and draw 
straight lines OA, OB, OC, OD, and OE to the several 
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comers. It is obvious, that the figure is thus resolved in- 
to as many trian^es as it has sides, 
and the aggregate angles must, by the 
last proposition, be equal to twice as 
many right angles. But the angles 
ABO, OBC; BCO, OCD; CDO, 
ODE; DEO, OEA ; and EAO, OAB 
at the bases of these triangles constitute the internal angles 
of the figure. Consequently, firom the whole amount, are 
to be deducted the vertical angles about the point O, which 
are equal to four right angles. 

CoK Hence the exterior angles of a rectilineal figure 
are equal to four right angles. 

PROP. XIII. THEOR. 

Two sides and an opposite angle being given, to 
construct the triangle. 

The sides AB, AC, and the angle. ACB opposite to the 
former, being given, to construct the triangle. 

From A as a centre, with a distance equal to the short- 
er side AB, describe a circle meeting 
BC, or cutting it in the two points 
B, B^ join AB or AB^ and the tri- 
angle ABC or AB'C will evidently 
combine the required conditions. 

Unless, therefore, the other opposite angle ABC be a 
right angle, the triangle will have two phases ; and accord- 
ing as that angle is acute or obtuse, its vertex must oc- 
cupy the position B or B^ 
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PROP. XIV. THEOR. 

The angles of a triangle and a dde beiiig givenj 
to construct the triangle. 

Let the side AC with two angles, and 
consequently the third one be given, to 
construct the triangle. 

From the extremities A and C of the 
given side, draw AB and BC containing 
likewise the given angles. These straight 
lines will evidently meet in the vertex B, and form the re- 
quired triangle. 

General Corollary. These four problems then, — ^the I, 
2, 15 and 16 comprise all the conditions requisite for deter- 
mining a triangle, and they are reducible to a very simple 
enunciation. The sides of a triangle are obviously inde- 
pendent of each other, — subject merely to this c<Hidition, 
thatany oneof them be less than the remaining two sides. 
But all the angles of a triangle being equal to two right 
angles, the third angle is evidently derived from the other 
two. A triangle has, therefore, only five original and va- 
riable parts — the three sides and two of its angles. Any 
three of these parts being ascertained, thetria$igle isabsolutdy 
determined. Thus — when ( 1 .) all the diree sides are given, 
— ^when (2.) two sides and their contained angle are given, 
— ^when (4.) two sides and an opposite angle are given, 
with the hflfectibn of the triangle, or when (3.) one side 
aild two angles, and thence the third angle are given,— 
the triangle is completely marked out. 

Triangles are therefore equal which have those Uiree 
parts respectively equal. 
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PROP. XV. THEOR. 

The opposite sides of a rhomboid are parallel. 

If the opposite sides AB, DC, and AD, BC of the qua- 
drilateral figure ABCD be equal, they are also parallel. 

For draw the diagonal AC. And because the side AB 
is equal to DC, BC to AD, and 
AC is common to the two triangles 
ABC and ADC; these triangles 
are (I. 2.) equal. Whence the ^ 
angle ACD is equal to CAB, and therefore the side AB 
of the rhomboid is (1. 9.) parallel to CD ; and, for the same 
reascHi, the angle CAD being equal to ACB, the side AD 
is parallel to BC. 

Hence the composition of the common parallel rule/-. 



PROP. XVI. THEOR. 

The opposite sides and angles of a parallelogram 
are equal. 

Let the quadrilateral figure ABCD have the sides AB 
and BC parallel to CD and AD ; these are respectively 
equal, and so are likewise the opposite angles at A and C, 
and at B and D. 

For draw the diagonal AC. Because AB is parallel to 
CD, the alternate angles BAC and 
ACD are (I. 9.) equal ; and since 
AD is parallel toBC, the alternate 
angles ACB and CAD are likewise S C 

equal. Wherefore the triangles ABC and ADC, having 
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the angles CAB and ACB equal to ACD and CAD, and 
the inteijacent side AC common to botb» are (L 14. cor.) 
equal. Consequently, the side AB is equal to CD, and 
the side BC to AD ; and these opposite sides of the rhom- 
boid being thus equal, the opposite angles (I. 12.) must 
be likewise equal. 

Cor, Hence the diagonal divides a rhomboid or paral- 
lelogram into two equal triangles. 

PROP. XVII. THEOR. 

Parallels are equidistant, and equidistant lines pa- 
rallel. 

The perpendiculars EG, FH, let fall from any points 
E, F in the straight line AB, upon its parallel CD, are 
equal ; and if these perpendiculars be equal, the straight 
lines AB and CD are parallel. 

For join EH. The right angle EGH being equal to 
FHG, or its adjacent angle 
FHD, the perpendiculars EG 
and FH are (1. 9.) parallel, and 
consequently the alternate an- 
gles HEG and EHF are equal. 

But EF being parallel to GH, the alternate angles EHG 
and HEF are likewise equal ; and thus the two triangles 
HGE and HFE, having the angles HEG and EHG re- 
spectively equal to EHF and HEF, and the side EH 
common to both, are (I. 14. cor.) equal, and hence the side 
EG is equal to FH. 

Again, if the perpendiculars EG and FH be equal, the 
two triangles EGH and EFH, having the side EG equal 
to FH, EH common, and the contained angle HEG equal 
to EHF, are (I. 1. con) equal, and therefore the angle 
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£HG equal to HEF, and (1. 9. cor.) the straight line AB 
parallel to CD. 

C&r^ Hence lines parallel to the same straight line are 
likewise parallel to each other. 

PROP. XVIII. THEOR. 

The diagonals of a parallelogram are mutually bi- 
sected. 

The diagonals AC and BD of the parallelogram ABCD, 
crossing each other, make AE equal to EC, and BE equal 
to ED. 

For the triangles AEB and CED 
having equal bases AB and CD, 
and the angles EAB and EBA 
equal to the alternate angles ECD 5 C 

and EDC, are equal (I. 16. cor.). Whence the sides AE 
and BE are equal to EC and ED. 

PROP. XIX. PROB. 
To bisect a given straight line. 

Let it be required to bisect AB. 

Assume any lateral point C, join 
AC and BC, and upon the base AB 
construct the opposite triangle ADB, 
having its sides BD and AD respec- 
tively equal to these lines, and con- 
nect CD, which will cut AB in the 
middle point E. 
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For Ihe figure ACBD is obviously a rhomboid or pa- 
rallelogram, and its diagonal CD must hence (I. 18.) bisect 
AB. 

The construction will be simplified, if AC be taken 
equal to BC. 

PROP XX. PROB. 

To draw a perpendic ular from the extremity of a 
given straight line. 

In AB take'any point C, and on BC describe an equi- 
lateral triangle CDB, on its side 
DB, another DEB ; and on DE 
the side of this, a third equila- 
teral triangle DFE ; join the last 
vertex F with the point B : and 
BF is the perpendicular requi- 
red. 

Because the triangles CDB 
and DBE are equilateral, the angles CBD and DBE are 
each of them equal to two- third parts of a right angle, 
(I. 13. cor.) and the triangles BDF, BEF, having the 
sides BD, DF equal to BE, EF, and the side BF com- 
mon, are equal, and consequently the angles FBD and 
FBE are equal, and each of them the half of DBE. The 
angle FBD being therefore one-third part of a right 
angle, and the angle DBA two-third parts, the whole an- 
gle FBC must be an entire right angle, or the straight 
line BF is perpendicular to AB. 

This construction is often more convenieni in practice than 
the one given as a corollary to Proposition IV. 
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PROP. XXL PROB. 



On a given straight line, to construct a square. 

Let AB be the side of the square which it is required 
to construct 

From the extremity B draw, by the last proposition, 
BC perpendicular to BA and equal 
to it, and, from the points A and C 
with the distance AB or CB describe 
two circles intersecting each other in 
the point D, join AD and CD ; the 
quadrilateral figure ABCD is the 
square required, -A. B 

For, by this construction, the figure has all its sides 
equal, and one of Hs angles ABC a right angle, which 
comprehends the whole definition of a square. 
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DEFINITIONS. 

1. In a right-angled triangle, the side that subtends the 
tight angle is termed the hypotenuse ; either of the sides 
which contain it, the base s and the other side thcperpeU' 
dkular. 

2. The altitude of a triangle is 
a perpendicular let fall from the 
vertex upon the base or its ex- 
tension. 

3. The complements of rhomboids abou 
a rhomboid, are the spaces required to 
complete the rhomboid ; and the defect 
of each rhomboid from the whole figure, 
is termed a gnomon. 

4. A rhomboid or rectangle is^ said to be contained by 

any two adjacent sides. 

A rhomboid is ofiten indicated merely by the two letters placed 
at opposite comers. 




G4 



RUDIMENTS OF PLANE GEOMETRY. 




PROP. I. THEOR. 

A triangle is equivalent to half the rectangle un- 
der its base and altitude. 

The triangle ABC is half of the circumscribing rect- 
angle AEFC. 

For the perpendicular from the vertex of the triangle, 
may meet the extreinily of tb^ liasq AC, qt fajl irithin or 
without the base. 

In the first case, the diagonal AB 
(I. 17. cor.) divides the rectangle 

AEBC, contained by the base AB 
and altitude, BCinto twoequal por- 
tions, of which the triangle ABC 
is the lower. 

When the perpendicular faHs with- 
in the base AC, the triangles ABD 
and CBD are (I. 17. cor.) halves of 
the rectangles AEBD and CFBD ; 
and, therefore, the whole triangle 
ABC is the half of the combined 
rectangle AEFC. 

Lastly, when the perpendicular 
BD falls beyond the basQ, the tri- 
angle ABD is half of the rectangle 

AEBD, and the triangle CBD is half 
of the rectangle CFBD. Where- 
fore, the excess of the former, or the 
triangle ABC, is half of the remaining rectangle AEFC. 

C(yr. Parallelograms on the same or equal bases, and 
between the same parallels, are equivalent ; for their dia- 
gonals bisect them into triangles having the same bas^ and 
altitude. 
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PROP. 11. PROB. 

To form a triangle equivalent to any rectilineal 
figure. 

Let it be required to reduce the five-sided figure 
ABCDE to a triangle, or to find a triangle that shall con- 
tain an equal space* 

Join any two alternate points A, C, and through the 
intermediate point B, draw BF parallel to AC, meeting 
either of the adjoining sides AE ^ 

or CD in F, and join CF. Again, 
join the alternate points C, E, 
and through the intermediate 
point D draw the parallel DG, to 
meet either of the adjoining sides 
AE or BC, or their production 
in G, and join CG. The triangle FCG is equivalent to 
the five-sided figure ABCDE. 

Because the triangles CFA and CBA have by construc- 
tion the same altitude and stand on the same base AC, 
they are (II. 1.) equivalent; take each of them away from 
the space ACDE, and there remains the quadrilateral 
figure FCDE equivalent to the five-sided figure ABCDE. 
Again, because the triangles CDE and CGE are equiva- 
lent, having the same altitude and the same base; add 
the triangle FCE to each, and the triangle FCG is equi- 
valent to the quadrilateral figure FCDE, and consequent- 
ly to the original figure ABCDE. 

In this manner, any polygon may, by successive steps, 
be reduced to a triangle ; for an exterior triangle such as 
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CDE, or an interior one such as ABC, is always ex- 
changed for another equivalent, which, attaching itself to 
either of the adjoining sides, coalesces with the rest of the 
figure. 

This problem is of singular use inpractice^ since it enables 
the surveyor to abridge his computations by reducing at once 
a plan delineated into an equivalent triangle, 

PROP. III. THEOR. 

The complements of the rhomboids about the dia- 
gonal of a rhomboid, are equivalent. 

Let EI and HG be rhomboids about the diagonal of 
the rhomboid BD ; their complements BF and FD con- 
tain equal spaces. 

For, since the diagonal AF bisects the rhomboid EI^ 
(I. 17. cor.), the triangle AEF is equal to AIF ; and for 
the same reason the triangle FHC is equal to FGC, and 
likewise the whole triangle ABC is 
equal to ADC. From this triangle ^^ 
ABC on the one side of the diagonal, 
take away the two triangles AEF and 
FHC ; and from the equal triangle ADC on the other 
side take away the two triangles AIF and FGC, and there 
remains the rhomboid BF equivalent to FD. 

PROP. IV. PROB. 

With a given straight line to construct a rhomboid 
equivalent to a given rectilineal figure, and having 
an angle equal to a given angle. 

Let it be required to construct a rhomboid, contaifiing 
a given space, and having a side equal to the line L, and 
an angle equal to K. 
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Hedtice the figure to a triangle (II. 2.), and let the 
Yhdmboid BF, ^ith an angle B£F equal to K, have the 
altitude of the triangle, and £F 
«qual to half its base; produce 
£F until FG be equal to L, 
through G draw DGC parallel to 
EB, and meeting the extension of 
BH in C ; join CF, and produce it to meet the extension 
of BE in A; draw CD parallel to £F, meeting the exten- 
sion of CG in D, and produce HF to meet AD to I : FD 
is the rhomboid required. 

For FD and FB are evidently complementary rhom- 
boids about the diagonal BC, and therefore (II. 3.) equi- 
valent ; and because A£ and IF are parallel, the angle 
FID is equal to the interior angle EAI (I. 9. cor.), which 
*again is equal to BEF or to the given angle K. 



PROP. V. THEOR. 



D 



G 
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The square constructed upon the sum of two straight 
lines, is equivalent to the squares of those lines, to- 
gether with twice their rectangle. 

If AB and BC be two straight lines placed continuous ; 
the square A DEC erected upon their 
sum AC, is equivalent to the two 
squares of AB and BC, with twice the 
rectangle contained by them. 

For, through B draw BI parallel to 
AD, make AF equal to AB, and "^ b ' ^ 

through F draw FH parallel to AC or DE. 

It is manifest that the spaces AG, GE, DG and CG, 
into which the square of AC is thus divided, are all rhom- 
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boidal kad rectangular. And, because ABiA equ^l tp AF, 
and the ol^posdie sides eiqu^ the figure AO i$ equilate- 
ral, and having a righl Jmgle at A» is^he^ce a $qtiar^. 
Again, AD being equal to AC^ take ^way the eqiiaU AF 
and AB, and there remans DF equal to BC9 Wd conse- 
quently IG equal to GH.* where&ir^ IH Is.lifcewifi^ a 
square. The rectangle GD is contaified .by the sides FG 
Md.GI» which are equal to AB and BQ;:and the rectangle 
CG is contaik)ed by tl^ sides GB anid.GE^; which ai^e like- 
wise ckjual to' AB and BC. Consequendy t^e wh(4e square 
of AC is compounded of the two ftqimes jof AB and BC, 
together with twice the tectangle contieybed by thes§ lines. 



PROP. VI. THEOR. 

The square constructed upon the difference of^Wo 
straight lines, is equivalent to the squares of those 
lines, diminished by twice their rectangle. 

Let AC be the difference of two straight lines AB and 
BC; the square of AC is equiva- 
lent to the excess of the two ^ '^ — -^ ^ 



£ 



squares of AB and BC above 
twice their rectangle. 

For let the squares of AB, and 
AC be completed, and that of BC 
formed below it; produce the sides 
C£ and AE to H and I. 

It is evident that GE is equal to 
BL, or the square of BC ; to each of them add the ii^ter- 
raediate rectangle £B, and GC is equal to IL ; but the 
rectangle under AB and BC is equal to the rectangle 
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Ihf wlikh is also equal to DG« From the compound 
surface CAFGBKL, or the squares of AB and AC, take 
away the space DFGBKLC, or the rectangles IL.and 
DG9 that is, twice the rectangle under AB and BC^^-and 
tbtr^ roiDajins ADSIG, or the square of the difference AC 
of the two lines AB and BC. 



F 



K. 



X. 
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PROP. VIL THEOR. 

The difference between the squares of tWo straight 
liues is equivalent to the rectangle contained by their 
sum aua their difference. 

Let AB and BD be two continuous straight lines, from 
jthe greater of which is cut off a 
part BC equal to the extension ^ 
BD ; the excess of the square of 
Ad labors tfant oi Bt> or BC is e- 
quivalent to the rectangle under 
their sum AD, and their difference 
AC. 

For having made AG equal to A£, draw GH parallel 
to AD, and CI, DH both parallel to AE. 

Because AG is equal to AC, the excess GK is equ^ 
to CB« But the opposite sides KI and GK are equal to 
AC, and IF and KL equal to CB ; wherefore KF is the 
square of KL or BC, and EK, BK and BH are equal 
rectangles. To the rectangle BG join on the one side the 
rectangle EK, and on the other the rectangle BH, and 
the figure AEIKLB is equivalent to the rectangle AGHD, 
that is, the excess of the square of AB above that of BC 
is equivalent to the rectangle under AD and AC. 

d2 



A. C B D 
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Cor. Hence, if a straight line AB be bisected in C, and 
cut unequally in D, either between 
the ends of AB, or in the exten- ^^ X^- '„ 
sion of this line, the difference be- ' * ' ~^ 
tween the square of the half AC, and of the square of the 
interval CD between the points of section, will be equiva-* 
lent to the rectangle under the segments AD and BD> 
whether considered as internal or external. 

General Corollart^. The preceding properties of the sec- 
tion of lines, all admit of arithmetical illustration ; for a 
certain linear . portion being adopted to measure length^ 
and its square to measure surface, it is easy to perceive 
that lines being thus denoted by numbers, their squares 
will be expressed by the second powers, and their rect* 
angles by the products of those numbers. 

PROP. VIII. THEOR. 

The square constructed upon the hypotenuse of a 
right-angled triangle, is equivalent to the squares up«^ 
on the two sides. 

Let the triangle ABC be right angled at B ; the square 
constructed on the hypotenuse AC is equivalent to the 
squares constructed on the base and perpendicular AR 
andBC. 

For produce the base AB, till AD be equal to the per- 
pendicular BC; upon the com- 
pound line DB describe the square 
BDEF, and make DG and EH 
equal to AB, and join AG, GH 
and HC. 

The triangles ABC and AD(j, 
having the sides AB, BC evidently 
equal to DG, and AD, and the 
ight angle at B equal to that at 
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D, are (1. 3.) equal. In the same manner, the triangles 
HEG and CHF are proved to be equal to ABC. But 
(I. 9. cor.) the exterior angle GAB is equal to the interior 
angles ADG and AGD, from which take away the equal 
angles ABC and AGD, and there remains GAC equal to 
ADG, and consequently to a right angle. Wherefore 
the quadrilateral figure AGHC, having likewise all its 
sides equal, is a square. But (II. 5.) the square 6DEF, 
described upon the sum of the sides ABandBC, is equiva- 
lent to the squares of those sides, together with twice their 
rectangle. Now the rectangle under AB and BC is double 
of the triangle ABC ; and consequently the square BDEF 
is equivalent to the squares of AB and BC, and the four 
triangles CBA, ADG, GEH and HFC : but the same 
square is equivalent to the interior square AGHC, with 
those four triangles ; wherefore the squares of the base 
AD, and of the perpendicular BC, are equivalent to the 
single square described on the hypotenuse AC. 

PROP. IX. THEOR. 

If the square of one side of a triangle be equiva- 
lent to the squares of both the other sides, that side 
subtends a right angle. 

Let the square described on AC be equivalent to the 
two squares of AB and BC ; the triangle 
ABC is rightrangled at B. 

For draw BD perpendicular to AB 
(I. 20.) and equal to BQ and join AD. 

Because BC is equal to BD, the square 
of BC is equal to the square of BD, and 
consequently the squares of AB and BC are equal to the 
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squares of A6 and BD. But the squares of AB and BG 
are, by hypothesis, equivalent to the square of AC ; and 
since ABD is, by construction, a right angle, the squares 
of AB and BD are, by the preceding proposition^ equiya* 
lent to the square of AD. Whence the square of BC is 
equal to that of AD, and the line BC itself equal to 
AD. The two triangles ACB and ADB baling sSL the 
sides in the one respectively equal to tbo^ in die otber^ 
are therefore equal (I. 2.), and consequently the aagfi? 
ABC is equal to the corresponding angle ABD, that is, 
to a right angle. 

A right angle of card is hence madeforfield operations^ bif 
pkwing the knots at the intervals ofB, 4, and 5 measuif^ 

PROP. X. PROB. 

To find the side of a square equivalent to any num- 
ber of given squares* 

Let A, B, and C be the sides of the squares, to which 
it is required to find an equivalent square. 

Draw DE equal to A, and from its extremity E erect 
(I. 34.) the perpendicular EF equal to B^ 
join DF, and again, perpendicular to this, 
draw FG equal to C, and join DG : DG 
is the side of the square which was r^ui- 
red. 

For since DEF is a right-angled triangley 
the square of DF is equivalent to the squares c 

of DE and EF (II. 8.) or of the lines A 
and B. Add on both sides the square of FG or qf C, 
and the squares of DF and FG, which are equivalent to 
the square of DG (XL lO.)^ are equivalent to the aggregate 
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squares of A, B, and C And, by thus repeating the pro- 
cess, it may be extended to any number of squares. 

J5y hdp of this proposition^ the square root of a number 
cm he extracted geometrically ; for every number is resdv- 
dbie into squares^ not exceeding four, 

PROP. XI. PROB. 

To find the side of a square equivalent to the dif- 
ference between two given squares. 

Let A and B be the sides of two squares ; it is required 
to find a square equivalent to their. di^B^etide^ 

Draw CD equal to the smaller line B, from its extre* 
mity «reci (1. 20.) the indefinite per*- 
pendicular DE| and about the cen- 
tre C, with a distance equal to the 
greater line A, describe a circle cut- 
ting DE in F : DF is the side of the 
square required. 

For join GF. The triangle CDF 
being right-angled, the square of its 
hypotenuse CF is equivalent to the squares of CD txA 
DF (11. 8.), and consequently taking the square of CD 
from both, the excess of the square of CF above that of 
CD is equivalent to the square of DF, or the square of 
DF is equivalent to the excess of the square of the line 
A above that of B. 

Since by Proposition II. 7, the difference between the 
squares of two lines is equivalent to the rectangle under 
their sum and difference, if A and B be taken equal to half 
the sum and half the difference of a given rectangle, its e^ 
qulvalent square may be hence found. 
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PROP. XII. THEOR. 

The difference between the squares of the sides of 
a triangle, is equivalent to twice the rectangle con- 
tained by the base and the distance of its middle 
point from the perpendicular. 

Let the side A6 of the triangle ABC be greater than 
BC ; and, having let fall the perpendicular BE, and bi- 
sected AC in B, the excess of the square of EB above 
that of BC is equivalent to twice the rectangle contained 
by the base AC and the segment DE. 

For the square of AB is equivalent to the squares of 
DE and BE (II. S.)j and the square of BC is equivalent 
to the squares CE and BE ; wherefore, since th^ square of 
BE occurs in both, the excess of the square of AJB above 
that of AC is equivalent to the excess 
of the square of AE above that of C£. 
But the excess of the square of DE 
above that of CE is (II. 7.) equivalent ■ ■ , ■ > 

to the rectangle contained by their sum 
BC and their difference, which is evidently the double of 
DE, the distance of the point E from the middle D ; and 
consequently the difference between the squares of A£ 
and CE, being equivalent to the rectangle contained by 
AC and the double of DE, is equivalent to twice the rect- 
angle under AC and DE. 

Cor, Hence the difi'erence of the squares of the sides of 
a triangle is equivalent to the difference of the squares of 
the segments of the base, made by a perpendicular from 
the vjBrtex. 

^ By Ihe application of this or tfie succeeding proposition^ the 
three sides of a triangle being numerically given^ the perpen^ 
dicular let fall from the vertex upon the base isformedj and 
thence i by Proposition IL 1, the area of the triangle is compu-^ 
ted. 





BOOK II« 57 

PROP. XIIL THEOR. 

The square of the side of a triangle is greater or 
less than the squares of the base and the other side, 
according as the opposite angle is obtuse or acute, by 
twice the rectangle contained by the base and the 
distance intercepted between the vertex of that angle 
and the perpendicular. 

In the obtuse-angled triangle ABC, where the perpen- 
dicular BD falls without the base ; the 
square of the side AB which subtends the 
obtuse angle exceeds the squares of the 
sides AC and BC which contain it, by 
twice the rectangle under AC and CD. 

For the square of AD, or the square of the sum of AC 
and CD is (II. 5.) equivalent to the squares of these lines 
AC, CD, together with twice their rectangle. Add to 
both the square of BD, and the squares of AD, BD, or 
(II. 8.) the square of AB is equivalent to the squares 
of CD, BD, together with twice the rectangle BC, CD; 
but the squares of CD, BD are (II. 8.) equivalent to the 
square of BC ; whence the square of AB exceeds the 
squares of AC, BC, by twice the rectangle under AC and 
CD. 

Again, in the acute-angled triangle ABC, where the 
perpendicular BD falls within the triangle ; 
the square of the side AB which subtends 
the acute angle is less than the squares of 
the containing sides AC, BC, by twice the 
rectangle under the base AC and its inter- 
cepted portion CD. 

For the square of AD, or the square of the difference 
between AC and CD (II. 16.), is equivalent to their 
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squares, diminished by twice their rectangle. Add to each 
of these equalities the square of BD, and the squares of 
AD and BD, or the square of AB (II. 8.), are equiva- 
lent to the square of BD, with the squares of AC and CD, 
or (IL 8.) to the square of BC, diminished by twice the 
rect^mgle under AC and CD. Consequently the square 
of AB is less than the squares of AC and BC, by twice 
the rectangle under AC and CD. 

Car. If the triangle ABC be isoscel^, having equalsides 
AC and BC, the square of the base AB is equivalent to 
twioe the rectangle under the side BC, and the ac^aoent 
segment CD made by the perpendicular BC, whether the 
vertical angle be obtuse or acute. For the square of AB 
is equivalent to the squares of AC and BC, or to twic^ the 
square of BC increased or diminished by twice the rect- 
angle under BC and CD ; that is, equivalent to twice the 
rectangle under BC and CD, the sum or diJBference of BC 
and CD. 

PROP. XIV. PROB. 

To find the side of a square equivalent to z, given 
rectangle. 

Let it be required to find the side of a square equiva* 
lent to the rectangle A6CD- 

Produce AB, the shorter side of the rectangle till AE 
be equal to the longer side AD, and 
upon it describe a semicircle and cut« 
ting BC in F ; AF being joined, is 
the side of the equivalent square. 

For FG being drawn to the centra 
the triangle AGF is isosceles; and 
therefore, (by the last corollary,) the square of AP is 
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equivalent to twice the rectangk under AB and AG, of 
to the rectangle und^ AB, and the double of AG cur AD. 

A pei^endicular let fall from D upon AF will form with 
AD and the adjacent part of AF a triangle equal to AEFf 
containing the chord f^F ; and the square on that peipesh 
dicular being completed, is easily disdnguished into three 
portions, which recombine into the rectangle ABCD. 

Hence the square root t^cmy eomfosiu number mioff be ife- 
termined geometrieaUp, the fapiors denoting ii/e sides ^ the 
rectangle. 

PROP. XV. PROB. 

To divide a given straight line, so that the squace 
of one part shall be equivalent to the rectangle con- 
tained by the whole line and its remainder. 

Let AB be the straight line which it is required to cut 
in two segments, BF and AF, such that the square of the 
former shall be equivalent to the rectangle contained by 
AB and the latter. 

Produce AB t^l BC be equal tp 
it, erect the perpendicular BD e- 
qual to AB or BC, bisect BC in 
E, join ED and m^e EF equal to ^ i^ B e 
it ; the square of the segment BF is equivalent to the rect- 
angle contained by the whole line BA and its remainmg 
s^inent AF* 

For complete the square BG, make BH equal to BF, 
and draw IHK and FI parallel to AC and BD. Since 
AB is equal to BD, and BF to BH ; the remainder AF 
is equal to HD : and it is farther evident, that FH is a 
square, and that IC and DK are rectangles. Now BC 
being bisected in £ and cut externally in F, the rectangle 
CF, FB, or the figure IC, together with the square of BE 
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is (II. 7. cor.) equivalent to the square of EF or of DE. 
But the square of the hypotenuse DE is equivalent to the 
squares of DB and BE (II. 8.) ; whence the rectangle IC, 
with the square of BE, is equivalent to the squares of DB 
and BE ; or, omitting the common square of BE^ the rect- 
angle IC is equivalent to the square of DB. Take away 
from both the rectangle BK, and there remains the square 
BI, or the square of BF, equivalent to the rectangle HG, 
or the rectangle contained by BA and AF. 

CcT, Since the rectangle under CF and FB is equi- 
valent to the square of BC, it is evident that the line CF 
is likewise divided at B in the same manner as the origi- 
nal line AB. But the line CF is made up, by joining the 
whole line AB, now become only the larger portion, to its 
greater segment BF, which next forms the smaller portion 
in the new compound. Hence this peculiar division of 
any line being once obtained, a series of other lines, all 
possessing the same property, may readily be found, by 
repeated additions. Thus, let AB be so cut, that the 
square of BC is equivalent to the rectangle BA, AC : 
Make, successively, BD equal to BA, DE equal to DC, 

AC B D E F Gr 

I— I 1 1 1 1 ' '■ - ' T 

EF equal to EB, and FG equal to FD; the lines CD, 
BE, DF, and EG, beginning at the Successive points 
C, B, D, and E are divided at the points B, D, E, and F, 
such that, in each of them, the square of the larger part 
is equivalent to the rectangle contained by the whole and 
the smaller part. 



. It wUl he convenient, for the sake of conciseness, to desig- 
nate in future this remarkable division of a line, where the 
recUmgle under the whole and one part is equivalent to the 
square of the other, by the term Medial Section. 
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DEFINITIONS. 

1. Any portion of the cir- 
cumference of a circle is called 
an arcy and the straight line 
which joins the two extremi- 
tieS) a chord. 




2. The space included between an arc and its chord, is 
named a segment. 



S. A sector is the portion of a circle con- 
tained by two radii and the arc lying be- 
tween them. 




4. The tangent to a circle is a straight 
line which touches the circumferencci or 
meets it in a single point 
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5. Circles are said to ixmch 
mutually, if they meet, but do 
not cut each other. 




6. The point where a straight line touches a circle, or 
one circle touches another, is called the point oicanUt/cU 
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PROP. L THEOR. 

The perpendicular from the centre of a circle upon 
a chord, bisects it. 

The perpendicular drawn from the centre C to the 
chord AB> cuts it into two equal parts AD, DB. 

For join CA, CB: In the triangles ACD, BCD, the 
side AC is equal to CE^ Cl> is com- 
mon to both, and the right angle ADC 
is equal to BDC ; these triangles hav- 
ing also their corresponding angles at 
A and B both acute, are equal (I. 13. 
& H. cor.) and consequently the dde 
AD is equal to BD. 




PROP. II. THEOR. 

Hie straight line which bisects a chore! at right 
angles, passes through the centre of the circle. 

If the perpendicular ]^£ bisect the 
chord AB, it will pass through G the 
centre of the circle. 

For in FE take any point D, and 
join DA and DB. The triangles 
ADC and BDC, having the side AC 
equal to BC, the right angle ACD 
equal to ACD, and the side CD common, are equal (1. 3,\ 
and consequently the base AD is equal to BD. The 
centres of all the circles that can pass through A and B 
thus range in £F, and hence the centre G of the circle 
A£BF must hence occur in that perpendicular. 
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PROP, III. PROB. 



To describe a circle about a given triangle. 

. Let it be required to describe a circle about the tri- 
angle A3C. 

Bisect the side AB by the perpen- 
dicular DF, and BC by the perpen- 
dicular EF. These straight lines 
DF, EF will meet ; DE being join- 
ed, the angles EDF, DEF are less 
than BDF, BEF, and consequently 
less than two right angles ; and DF, 
EF must concur to form a triangle who^e vertex is F. 
This point is therefore (11. 3.) the centre of a circle whicih 
passes through the points A and B, and through B and C, 
and consequently circumscribes the triangle. 

Car. Hence an arc being given, the circle to which it 
belongs may be, completed. 




PROP. IV. THEOR- 
The diameter is the greatest chord in a circle. 

The diameter AB is greater than 
any other chord DE. 

For join CD and CE. The t\^o 
sides DC and EC of the triangle 
DCE are together greater than the 
third side DE (I. 15.): But DC 
and CE are equal to AC and CB, 
or to the whole diameter AB ; which is therefore greater 
than DE. 
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PROP. V. THEOR- 

Equal chords are equidistant from the centre of a 
circle. 

Let AB, DE be equal chords inflected within the same 
circle ; their distances from the centre, or the perpendicu- 
lars CF, C69 let fall upon them, are equal. 

For the perpendiculars CF and CG bisect the chords 
AB and DE (III. 1.), and consequent- 
ly their halves BF, DG, are equal. 
The right-angled triangles CBF and 
CDG, which are likewise of the same . 
character, having the two sides BC, 
BE equal respectively to DC, DG, 
and the corresponding angle BFC e- 
qual to DGC, are equal (I. 14. cor.), and consequei^tly 
the side FC is equal to GC> 




<: 
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PROP. VI. THEOR. 

In the same or equal circles, equal angles at*th6 
centre afe subtended by ^qual chordi^, and termina- 
ted by equal arcs. 

If the angle ACB at the centre be equal to BCE, the 
chord AB is equal to DE, aiid the arc AFB equal to 
DGE. 

For let the sector ACB be applied to DCE. The cen- 
tre remaining in its place, the radius CA will lie on CD : 

. ■ 

and the angle ACB being equal to DCE, the radius CB 
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will adapt itself to CE. And be- 
cause all the radii qr^ e^al, their 
extreme points A and B must coin- 
cide with D and E ; wherefore the 
straight lines which join those points, 
or the chords AB and DE, must co- 
incide. But th^ arcs AJ^B and 
PGE that coBnject the same points^ wiU also couidfle ; 
for any intermediate point F in the one^ being a% tbe same 
jdistance firom the centre as every poijot of tbe othjer,. must, 
on its application, find always a corresponding poijot 6. 

The same mode of re^sonijog is applicable to the case of 
equal circles. 



PROP- VIL THEOR. 

To bisect a given arc of a circle. 

Let it be required to divide the arc AEB into twa equal 
pprtions. 

Draw the chord AB, and (I. 19. cor.) bisect it by the 
perpendicular EF cutting the circumference AB in E : 
The arc AE is equal to EB. 

For the triangles ADE, BDE, have the side AD equal 
to BD, the side DE common, and 
the containing right angle ADE e- 
qual to BDE ; they are (L 3.) con- 
sequently equal, and have the base 
AE equal to BE. But these equal 
chords AE, BE must subtend equal 
arcs of a like kind, and the arcs AE, 
BE are evidently each of them losis than a seipjif^iireim- 
ference. 

It is obvious that 4ie diacaeter EDF l^ectsUl^eipifq t)ie 
opposite arc AFB. 
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PROP. VIIL THEOR. 

The angle at the centre of a eirele is double qF 
the angle which, standing on the same are,, has its 
vertex in the circmafereneer 



Let AB be an arc of a circle ; the angle which it termi- 
nates at the centre is dodble- of ADI^ the corresponding 
angle at the circumference. 

For join DC tod produce it to the oppottte- circmnfe- 
rence. This diameter DCE, if it lie not on one of the sid^ 
of the angle ADB, must either fall widiiin that angle or 
without it 

First, let DC coincide with DB. And because AC is 
equal to DC, the angle ADC is equal 
to DAC (I. 6»} ; but the exterior angle 
ACB is equal to both of these (I. 1U% 
and therefore equal to double of either, 
or the angle ACB at the centre, is 
double of the angle ADB at the cu> 
cumference. 

Next, let the straight line DCE lie within the angle 
ADB. From what has been demon- 
stratedy it is apparent, that the angle 
ACE is double of ADE, and the Bu- 
gle BCE double of BDE ; wherefore 
the sum of the angles ACE, BCE, or 
the whole reverse angle ACB, is 
doidble of that of the angles ADE, 
BDE, or the compound angle ADB at the circumfbreilce. 





£ 2 
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Because 



Lastly, let DCE fall without the angle ADB. 
the angle BCE is double of BDE, and 
the angle ACE is double of ADE ; 
the excess of BCE above ACE, or 
the angle ACB at the centre, is double 
of the excess of BDE above ADI^ 
that is, of the angle ADB at the cir- 
cumference. 

PROP. IX. THEOR. 



The angles in the same segment of a circle are 
equal. 




.. o 



Let ADB be the segment of a cir- 
cle ; the angles AFB, A6B contain- 
ed in it, or which stand on the same 
opposite portion AEB of the cir- 
cumference, are equal to each other. 

For jom CA, CB. The angle 
ACB, or its reverse at the centre, 
and terminated by the arc AEB, is 
double of the angle AFB or AGB 
at the circumference (IIL 8.) ; these 
angles AFB, AGB, which stand on 
the same arc AEB, are, therefore, 
in every case, the halves of the same 
central angle ACB, and are consequently equal to each 
other. 

Cor. Hence equal angles at the circumference must stand 
on equal arcs ; for their doubles or the central angles, be- 
ing equal, are terminated by equal arcs. 

Hence the mechanical way of tracing the arcs of a circle 
without the help ofcompaeses. 
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PROP. X. THEOR. 

t . 

The opposite angles of a quadrilateral figure con- 
tained within a circle, are together equal to two right 
angles. 

Let ABCD be a qnadrilateral figure inscribed in a cir-> 
cle ; the angles at A and C are together equal to two right 
angles, and so are those at B and D. 

For join EB and ED. The angle BED at the centre 
is double of the angle BCD at the 
circumference (III. 8.}; and for the 
same reason, the reverse angle BED 
is double of BAD. Consequently 
the angles BCD and BAD are the 
halves of angles about the point E, 
which make up four right angles ; 
wherefore the angles BCD and BAD are together equal 
to two right angles. 

In the same manner, by joining EA and EC, it may be 
prov(Bd that the angles ABC and ADC are together equal 
to two right angles. 

Got. Hence the exterior angle of a quadrilateral figure 
inscribed in a circle is equal to the opposite angle ; and 
hence the angles at the base of a triangle inscribed in a cir- 
cle, are together equal to the angle contained in the seg- 
ment opposite to its vertex. 

ThiB proposition marks the condition required to make a 
circk pass through four given points. 
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PROP. XL THEOK. 

The angle in a semicircle is a right angle> the an- 
gle in a greater segment is acute, and the angle in a 
smaller segment is obtuse. 

Let ABD be an angle in a semicircle, or standing on 
the circumference AED ; it is a right angle. 

For ABDf being an angle at the 
circumference, is half of the angle 
at the centre terminated by the same 
arc AED (III. 8.) ; it iS| there- 
fore, half of the angle ACD formed 
by the diverging of the opposite 
portions CA, CD of the diameter, 
or half of two right angles, and is consequently equal to 
ooe right angle. 

Cor. Hence a simple method of drawing perpendicu- 
lars, yet capable <cf various applications. 

A perpen^iotiarmay be traced <m the ground by we(m$(tf 
an extended cordy to the middle of which is tied another cord 
of hafftiie length. 

PROP. XII. THEOR. 

The perpendicular at the extremity of a diameter 
is a tangent to the circle. 

Let ACB be the diameter of a circle, to which the 
straight line EBD is drawn at right angles from the ex- 
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tremity B; it will touch the 
circmnference at that point. 

For from the "centre draw 
CF to iiny other point in BD. 
Th« right «Dgle CBF being 
greatfer than the a^ente angle 
CFB, the opposite side CF 
(I. 7.) must be greater than 
BC. ETery pokit in BD, exeq>t only B, lies thus with- 
out the drcte. 

Ccft. Hence tlie perpendicular to a tangent at the point 
of contact, must pass through the centre of the circle. 




If an extended line were to turn about B, it might cut 
the circumference first above the diameter AB, and next 
below it ; but it would merge in a tangent in that limit of 
transition, when it cuts neither above nor below. 



PROP. XIII. THEOR. 

ff, from the pmnt of contact^ a straight line be 
drawn to cut the circumfereilce^ the angles which it 
makes with the tangent are equal to those in the al- 
ternate segments of the citidfe. 

Let CD be a tangent, and BE a straight line drawn 
from the point of contact, cutting 
the circle into two segments BAE 
and BF£ ; the angle EBD is equal 
to EAB^ and the angle EBC to 
EFR 

For draw BA perpendicular to 
CD, join AE, and from any point F 
in the opposite arc, draw FB and 
FE. 
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Because BA is perpendicular to the tangent at B, it is 
a diameter (III. 12. con), and AEFB a semicircle ; where- 
fore (III. 1 1.) AEB is a right angle, and the remaining 
acute angles BAE, ABE of the triangle, being (I. 11.) to- 
gether equal to another right angle, are equal to ABE 
and EBD, which compose the right angle ABD. Take 
the angle ABE away from both, and the angle BAE re- 
mains equal to EBD. 

Again, the opposite angles BAE and BFE of the qua- 
drilateral figure BAEF, being equal to two right angles 
(III. 10.), are equal to the angle EBD with its adjacent 
angle EBC ; and taking away the equals BAE and EBD» 
there remains the angle BFE equal to EBC. 

PROP. XIV. THEOR. 

To draw a tangent to a circle, from a given point 
without it. 

Let A be a given point, from which it is required to 
draw a straight line that shall touch the circle DGH. 

Join AC with the centre, and 
on this as a diameter describe the 
circle AGCK, cutting the given 
circle in the points G, K: join 
AG, AK ; either of these lines is 
the tangent required. 

For join CG, CK. And the angles CGA, CKA, be- 
ing each in a semicircle, are right angles (III. 11.), and 
consequently AG,! AK, touch the circle DGHK at the 
points G, K (III. 12.). 
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PROP- XV. THEOR. 



On a given straight line, to describe a segment of 
a circle that shall contain an angle equal to a given 
angle. 

Let AB be a straight line, on which it is required to de- 
scribe a segment of a circle containing an angle equal to C. 

If C be a right angle, it is evident that the problem will 
be performed, by describing a 
semicircle on AB. But if the 
angle C be either acute or ob- 
tuse ; draw AD making an an- 
gle BAD equal to C, erect AE 
perpendicular to AD, draw EF 
to bisect AB at right angles 
and meeting AE in E, and from 
this point as a centre and with 
the distance EA, describe the 
required segment AGB. 

Because EF bisects AB at right angles, the circle de- 
scribed through A must also pass through (III. 5.) the 
point B ; and since E AD is a right angle, AD touches 
the circle at A (IIL 12.), and the angle BAD, which was 
made equal to C, is equal (III. 13.) to the angle in the al-» 
temate segment AGB. 

By Ms proposition, the posUion of a point is determined 
from ihe angles observed in reference to three given points. 
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PROP- XVi. THEOR. 



If through a point, within or without a circle, two 
str^ht lines be drawn to cut the circumference ; the 
rectangle under the segments of the one, is equiva<» 
lent to that contained by the segments of the other- 
Let the two straight lines AD and AF be extended 
through die point A, to cut the circumference BFD of a 
circle ; the rectangle contained by the segments A£ and 
AF of the one, is equivalent to the rectangle under AB 
and AD, the distances intercepted from A in the other. 
. For draw AC to the centre, and produce it both ways 
to terminate in the circumference at G and H ; let fall the 
perpendicular CI upon BD (I. 5.), and join CD. 

Because CI is perpendicular to AD, the difference be. 
tween the squares of CA and CD, the sides of the trian-> 
gle ACD is equivalent to the dif- 
ference between the squares of the 
segments AI and ID the segments 
of the base (II. 12. cor.) ; and the 
difference between the squares of 
two straight lines being equivalent 
to the rectangle under their sum 
and their difiereoce (IL 7.), the 
rectangle contained by the sum 
and difference of AC, CD is equi* 
valent to the rectangle contained 
by the sum and difference of AI, 
ID. But since the radius CG is 
equal to CH, the sum of AC and CD is AH, and their 





BOOK III. 75 

difference is AG ; and because the perpendicular CI bi- 
sects the chord BD (III. 2.\ the sum of AI and ID is AD, 
and their difference AB. Wherefore the rectangle AH, 
AG is equivalent to the rectangle AB, AD. In the same 
way it is proved, that the rectangle AH, AG is equivalent 
to the rectangle AE, AF ; and consequently the rectan- 
gle AE, AF, is equivalent to the rectangle AB, AD. 

Cor. 1. If the vertex A of the straight lines lie within 
the circle and the point I coincide with 
it, BD, being then at right angles to CA, 
is bisected at A (III. 2.}, and the rectan- 
gle AB, AD becomes the same as the 
square of AB. Consequently the square 
of any perpendicular AB limited by the 
circumference is equivalent to the rectangle under the seg- 
ments AG, AH, into which it divides the diameter. 

Car. 2. If the vertex A lie without the circle and the 
point I coincide with B or D, the an- 
gle ABC being then a right angle, the 
incident line AB must be a tangent 
(III. 12.), and consequently the two 
points of section B and D coalesce in 
a single point of contact. Where- 
fore the rectangle under the distances AB, AD becomes 
the same as the square of AB ; and consequently the 
rectangle contained by the segments AG, AH of the dia- 
meter, is equivalent to the square of the tangent AB. 

By the application of either of these corollaries, the side 
of a square may be found equivalent to a given rectangle* 
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DEFINITIONS. 



1. A rectilineal figure is said to be tn- 
scribed in a circle, when all its angular 
points lie on the circumference. 




2. A rectilineal figure circumscribes a 
circle, when each of its sides is a tan- 
gent. 




3. A circle is inscribed in a rectilineal 
figure, when it touches all the sides. 
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4. A circle is described about a rectili- 
neal figure or circumscribes it, when the cir- 
cumference passes through all the angular 
points of the figure. 

5. Polygons are equilateral^ when their sides, in the 
same order, are respectively equal : They are equianffular^ 
if an equ^ityebtaias^ between their corresponding angles. 

6. Polygons are said to be regtdar^ when all their sides 
and their angles are equal, 

7. A figure ofyZve^ngles-orsidbs is called apeniagoH ; 
a six-sided figure, a hexagon ; an etght-sided figure, an oc- 
tagon: a ten-sided tigavef sc decagons and a twelve-sided 
figure, a dodecagon. 
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PROP. I. PROB. 



4n viQsic^^ teiangjb bc^ gpii^ei^ to construet an^ 
other on the same base, but wit}i onljr baU* the yw- 
tical angle. 

Let ABC be an isosceles tri^^e standing on AC ; it 
is required, on the same base, to* construct another isosce« 
les triangle, that shaR have its vertical angle equal to half 
of the angle ABC. 

Bisect AC in D (i. 19.), join DB, 
tviiich prodtice till BE be equal to BA 
or BC, and join A]^ CE : AEC is the 
Isosceles triangle required. 

For, the straight Kne BE being e- 
qual to BA and BC, the point B is the 
centre of a circle which passes through 
the points A, E, andC; andconsequently the angle ABC 
is the double of AEC at the circumference (III. 8.), or 
the v»tieal angle AEC is half of ABC. But the trian- 
l^e^ AEJ> mi CED, having the side DA equal to DC^ 
the side DiE comnum to bathgi aod the right angle AD15 
(III. 2.) equal to CDE^ are (I. 14. cor.) equal, and conse- 
quenily AE is equal- to CE. Wherdbre the triangle AEC 
is likewise iso^eeles. 
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PROP. IL PROB, 

Given an acute-angled isosceles triangle, to con- 
struct another on the same base, which shall have 
double the vertical angle. 

Let ABC be an acute-angled isos- 
celes triangle ; it is required, on the 
base AC» to construct another isosce- 
les triangle, having its vertical angle 
double of the angle ABC. 

Describe a circle through the three 
points A, B, and C (III. 3. con), and draw AD, CD to 
the centre D ; the triangle ADC is the isosceles triangle 
required. For the angle ADC, being at the centre of the 
circle, is (III. 8.) double of ABC, the corresponding an- 
gle at the circumference. 

PROP. IIL PROB. 

' Given either the base or one of the sides, to con« 
struct an isosceles triangle, which shall have each of 
the angles at its base a double vertical angle. 

When the side AB is given, divide it by a medial sec- 
tion at C, and the greater segment will express the base 
of the isosceles triangle. 

If the base AB be given, produce it till BC be equal to 
the greater segment of its medial 

section, and the compound line AC '^ — £ 5 

will represent the side of the isos- -A b C 

celes triangle. 
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It only remains to show that a triangle so formed will 
fulfil the required conditions. 

Let D be the medial sed;ion of 
the side AB, join CD, and (III. 3.) 
about the triatogte BDC describe a 
circle. 

Since the rectangle AB, AD is 
by construction equivalent to the 
square of BD or AC» the line AC 
most (III. lA, eor. 2.) terminate in the circumferaarce of the 
circle, and b hence a tangent. Wherefore (III. 18.} the 
angle ACD is equal to the alternate angle CBD ; »dd 
DCB to each, and the angles ACD and DCB, makmg the 
whole angle ACB, are equal to CBD and DCB, and con^ 
sequently (L 11.) to the exterior angle ADC. ' The angle 
ACB or CAD is thus equal to ADC, and hence CD (I. a) 
is equal to AC or BD. The triangle BDC is therefore 
isosceles, and the angle CBD equal to BCD or DCA. 
Wh^ice the whole angle BCA at the base of the triangle 
is double of the vertical an^e ABC. 

It b obvious, from ikin demonstration, that the small 
interior triangle ACD b likewise isosceles, and with the 
same^disUngubbiiig property, of havii^ the angles at i^ 
base ettch double of the verdcal angle. 

Cor. He^be in such isosceles triangles the vertical an- 
gle is equal to the fifth part of two right angles ; for the 
angles at the base being each 6f them double of the verti- 
cal angle, they are both equal to four times it, and conse- 
quently this vertical angle must be the fifth part of iaTl 
the angles of the triangle, or of two right angles. 
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PROP. IV. PROB. 

On a given straight line, to construct a regular 

pentagon. 

' ■' " " . 

Let AB be the straight line> on which it is required to 
form a regular five-sided figure 

, On AB erect (IV. 4.) th^ isoscelesf triangle ACB> hap 
i^ing each of the angles at: its -. 
ba^e douUe its. vertical angles 
from A as a centre with the di»* 
tfuic^ AC describe an arc of a 
circle, and from B as a centre 
with the same diMuoce describe 
another arc, and from the ver- . 
fisx, C inflect the straight lines 
CE, CD each equal to AB; Join AD and BE, and the 
figure ADCEB is the 'p^tagpn. required, 
j For the inl^r^ectiiig isQ$cel^ trinities ACB| CBD, and 
CAE are evidently equal, and have their base angles CAB, 
CBA, CDB, DCB, ACE or AEC double of the vertical 
angles ACB, CBD or CAE. Again, the segments AF« 
FD, and BG, GE being equal, the obtuse triangles AFD 
and BGE are isosceles, and so likewise are the large ob^ 
tuse triangles BAD and ABE. All the sides, therefore^ 
of the figure are mutually equal, and they contain angles 
which are each triple of the vertical apgle ACB of the ele* 
mental triangle. 
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PROP. V. PROP. 1 i 

On a given strught liii^, to ccltistnicl a regular 
hexagon. '■ ' 






Let AB be the given stitrgfat lin^* on 'Which it Ki*^- 
quired ^ form a regular si±-iiided figure. ' 
. On AB erect the equilat^l tHattigle AOiBi ahd r^^yyat 
equal triangles about the vertex O; these' wiff tc^etbdr 
dompds^ith^ hexagon itqiinred. 

i^ecaittse AOB is an equikteiMit triilhgi^ eatk of itjr ah- 
gtes is^i^qnal t6 the third piartdiF 
^^ right^ atiglbs ; whereibre the 
vet^lcd kngle AOB zs the sixth 
icmk of four right angles, or si^ 
of such antes' ma^ be' {^lac^d 
abotrt the pdiii^O. Btit the 
bd&ste of t!he triangles AOB^ 
AOG» CQSiy DOE, £0!Ff aad 
BOF are all equal; and so are the angles fLt the bases, 
which, taken by pairs, form the internal angles of the fi- 
gure B ACDEF. TUa figure is^ th^efore, a regular hex- 
agon. 

PROP. VI. PROB. 




On a given straight line, to describe iOt^iAtx'^- 
tagon. 



'/. J 



.. . vJ jr :. •: ii ; 'j : } i\ 'v.i:: 



Let AB be the gitei» sA^al^t Ihile, oii< ^leh il is li(^ 
quired to describe a regiife»t(e ig lw i ii idt et t %ttiiej« >>'• * ^ ' ' 

s2 
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Bisect AB (I. 19.) by the perpendicular CD, which 
make equal to CA or CB, join 
DA and DB, produce CD until 
DO be equal to DA or DB, 
draw AO and BO^ thus form- 
ing (IV. 1.) an angle equal to 
the half of ADB ; and about the 
vertex Oy repeat the tq^al t^i* 
angles AOB, AOE, EOF, FOG, 
GOH, HOI,IOK, and join ^:B> 
tp compose the octagc^. 

For the distances AD, BD are. ayidently equal; and 
because CA, CD^ and CB ^e all equal, the angle ADB 
is contained in a semicircle, and is therefore a right an- 
gle. Consequently AOB is equal to the half of a right 
angle, and eight such angles will adapt themselves about 
the point O : thus the vertical angle pf the succeeding tri- 
angle AOE must be equal to AOB, and lijkew^e the side 
OE to OB. Whence the figure BAEFQIflK^! haying 
eight equal sides and equi^ angles,.is arregular octagon. 

Car. In the same way, the sides of any polygon may be 
always doubledi : 



• I 
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PROP. VII. PROB. 



In a given triangle, to inscribe a circle. 



« : ^ 



,K 



Let ABC be a triangle, in which it is required to in- 
scribe a circle. . i 

Draw AD and CD to bisect the angles CAB and ACQ, 
and from their point of concourse D, with its distance 
D£ fromth^ base,. descri]l>e the circle EFG: This circle 
will touch the tfiflng^ kut^maUy. 
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For (L 5.) let fall the perpendiculars DG'aiid DF up- 
on the sides AB and Ba* The 
trjangks ADE, ADG^ bavmg the 
angle DAE equal to DAGv' the 
right angle DEA equal to DGA^ 
and the interjacent side ADjcomr . 
iDCMQW. fff^i fq^9^ (^ 14* corO> and 
thf^ri^fo^a th^ pfi^ D£ is equal to . A . " .. : -ifi TT^C. 
IMpr/ Ii^,^:«iiine: maimer^ it. I&. <. I> 

pcpTed^.frcMp'tbe ^piality of ih^ trian^s CDE^ CDF 
^£^ J^ i^/^qual tP DF; consequentljf DO is equal to 
JfjS^t^iji itja0i gifcXe passes tbrcaighibe three pointsi^ 
GrW^Jfi'^ 1 B«it it j^o tpjucbes (lU. 18.) the sides of the 
tximf^^.in^ tii^gm .powits^ for,tb<^ angles DEA, D6A, and 
P^Q|ar^.AU pftbem right iingles. . . : / . : 

>■',: f- /)ii Ji'^i .'*.i •»' . '.; ■ <-" ■ ■ ■ ' J •■ ' - ■ " i;.-* 

, ,v.,) i. : tTtOP. Vm: THEOR. . ' 

A straight line drawn from the vertex of an equi- 
lateral triangle inscribed in a circle to any point in 
the opposite circumference, is equal to the two chords 
inflecC^ from the ^me |)oint to i;he extremities of 
the base. 



i\ 



' £iet ABC be ah equQat6ral triangle inscribed in a cir- 
cle, and BD, AD, and CD chords drawn from its three 

• • • . " • . 

cbiiie^s' tb a pbint D in the' circumference'; BD, which 
crdsses the base AC, is equal to AD and CD taken toge- 
ther.- . ■ ,.■:■■■.. 

Tor^ from BD cut off DE equal to DA, and join AE. 
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The angle AD3 is eqwl to ACB (UL 
9.) in the same segment, 1vliicb»; being ' ' 
the angle of an equilateral triangle^ is 
equal to the third part of two right an- 
gles. But the triangle ADE being isqs* 
celes by construction, has the angles 
DAE, DE A at its base equals and each of them, therefore^ 
equal to half of the remaining two-thirds of two '' right 
angles, or equal to one-Aird part. Consequently A0E 
is ef]^ati9nll^ and its angle DAE equal to CAB; take CAE 
from both, i^d there i^emmns the angle DAC equal to 
;piAB; bpt the angle A,BD is equal to ACD in the sam^ 
segment. And thlis the triangles ADC and AEB hare 
the angles DAC, DCA equal to EAB, EB A^ and tlie m- 
teijacent side AC equal to AB; they are oonsequenftl;^ 
equal, and the side DC is equal to EB. But DE was 
made equal to DA; wherefore DA and DC are together 
equal to DE and EB, or to DB. 

PROP. IX. PROa 

« - 

■ . ■ .1 • 

In and about a given circle, to inscribe and cir- 
cumscribe a square. 

Let E ADB be a circle in which it is required to inscribe 
a square. 

Dxaw the diameter AB, cross it (I. 4* cor.) by the pfx-r 
pendicuiar ED .through the centre, ai^d join AP» DQ^ 
B!E^ and EA : The inscribed figure ADBE is a squarfe,, 

The angles abqut the centre. C, being right angles, are 
equal to each other, and are, therefore, subtended by equal 
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chords, AD^ PB, Bi; and AE, but 
one of the angles ADB, being in a si* 
micircle^ is (III. 11.) a right angle, 
and consequently ADBE is a square. 

Next, let it be required to circum- 
scribe a square about the circle. 

Apply tangents FO, GH, HI, and. 
FI at the extremities of the perpendicular diametbr^: 
These will form a square. 

For all die aagles^of the qnadrilateral figure CG^ being 
together equal to four right angles, and those at C,: A, and 
D being each a right angle, the rjcmfMning angle at G is 
also a right angle, and CG is a rectangle; but it is like- 
wise a square, since. AC is equal to CD. In the same 
Bimner, CH, CI, and CF are proved to be squares ; the 
sides FG, GH, HI, and IF of the exterior figure, being 
therefore the doubles of equal lines, are mutually equal, 
aiid the angle at G being a right angle, FH is consequent- 
r^'a square. 

Cor. Hence the circumscribing. square is double of the 
inscribed square, and this again is double of the. square 
constructed on the radiys of the circle. 



PROP. X. PROS. 



; 1 



To inscribe a regular hexagon in a given circle. 



Let it be required, in the circle FBD, to inscribe a' 
hexagon. 

Draw the radius OA, on which construct the fequilate* 
Tal triangle ABO, and repeat the equal triangles about 
the vertex O : These triangles will compose a he:(agon. 
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Bisect AB (I. 19.) by the perpendicular CD, which 
make equal to CA or CB, join 
DA and DB, produce CD until 
DO be equal to DA or DB, 
dfaw AO and BO^ thus form- 
ing (IV. 1.) an angle equal to 
the half of ADB ; and about the 
vfE^x Oy i^ep^ftt the cq^ t^i* 
angles AOB,AOE, EOF, FOG, 

G0H,HOI,IOK, and join ;KJP, 
|x?> compose the ootagc^. 

For the distances AD, BD are. ayidently equal; and 
because CA, CD^ and CQ ^re all equal, the angle ADB 
is contained in a semicircle^ and is therefore a right aa- 
gle. Consequently AOB is equal to the half of a right 
angle^ and eight such angles will adapt tbemselyes about 
the point O : thus the verticM^ngle.pf.the Micceodiqg tri- 
angle AOE must be equal to AOB, and Ijp^ewjse tl^i^ side 
OE to OB. Whence tb^ figure BAEIpl^jt^IK^. haying 
eight equal sides and equt^ angles,, ii^, a ;regular octagon. 

Cor. In the same way, the sides ofiuiy polygon maybe 
always doubled; . ' :' !:|' 

• PROP. VH/ PROB. ' 



In a given triangle, to inscribe a circle. 



»' iv 






' 1 V 



Let ABC be a triangle, in which it is required to in- 
scribe, a curcle. ,,_ .,,. ,,, .,; ^j;,;. ,^. .^,, , , ._ 

Draw AD and CD to bisect the angles CAB and ACB, 
and from their point of concourse D, with its distance 
D£ from:th^.Jba»e»,deacr0>e'jthe circle EFG:. This circle 
will touch th0 fciilDg^ ioternally^ 




i< • • I 



For (I. 5.) let fall die perpendiculars DG^aiid DF up- 
on the sides AB and BOif >l%e 
trjangks ADE, ADG^ having the 
angle PAE equal to DAGv the 
ri^ angle DEA equal to DOA9 
and the ihterjacent «ide AjDjcom* 
HMMfv, aj;^j ^M^ (t W. oor.)> and 
tb<^^foire tb^ ^^ D£ is equal to 
IMpr/ •Ii^,t)^«fuiie;nianiier^.U.la''.-:- -: '<.> ' 1 > - 

gcpved^frcMp the ^q^^^ of ih^ tdmi^ea CDE^ CDF 
|)^il( JQl!^ i^/ ^qual .tp.DFj consequentk^ DO i^ equal to 
J](F». ^^ i (^ Qircle^ passes f2irjbil^4b6. three points'!^ 
Grm^M. jB«it it jeU3o tjotucbes (lli^lfL) the sides of the 
txaaof^^Wi tlKVi^ *palt>tss; for ;t^ angles DEA, D6A, and 
t>^C» ar^.ftU pflh^BQi Tight a9gles« , ; /. : 

A straight line drawn from the vertex of an equi- 
lateral triangle inscribed in a circle to any point in 
the opposite circumference, is equal to the two chords 
inflectH froto the iaxAe poiiit to the eitrfemities of 
the base. 

Let ABC be ah equUat^ral triangle iniscribed in a cir- 
cle, and BD, AD, and CD chords drawn from its three 
ebhiers tb a pbint D in the circumference; BD, which 
crosses the base AC, is ieqtial to AD and CD taken toge- 
ther. 

For, from BD cut off DE equal to DA, and join AE.^ 
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Bisect AB (I. 19.) by the perpendicular CD, which 
make equal to CA or CB, join 
DA and DB, produce CD until 
DO be equal to DA or DB, 
draw AO and BO, thus form- 
ing (IV. 1.) an angle equal to 
the half of ADB ; and about the 
vie^rtex O, Tepeat the cq^al t^i* 
angles AOB,AOE, EOF, FOG, 
GOH, HOI,IOK, and join;KJP, 
tQ compoBC the octagop. 

For the distances AD, BD are jeyidently equal; ^xi^ 
because CA, CD^ and CB ^re all equal, the angle ADB 
is contained in a semicircle, and is therefore a right aa- 
gle. Consequently AOB i^ equal to the half of ,a right 
angle, and eight such angles will adapt tbemselyes about 
the point O : thus the vertical angle of the Micceeding tri- 
angle AOE must be equal to AOB, and lij|j^e,w^e thi^ sid^ 
OE to OB. Whence tb^ ^gure BAJEFpt^IK^! haying 
eight equal sides and equal angles,. i$; a iregular octagon. 

Cor. In the same way, the sfide& of any polygon may be 
always doubled; :• 



«i 



PROP. VII. PROB. 



• > 
1 I I 



i <• 



In a given triangle, to inscribe a circle. 

Let ABC be a triangle, in which it is required to in- 
scribe a circle. . .» , ,...., 

Draw AD and CD to bisect the angles CAB and AC]^, 
and from their point of concourse D, with its distahce 
D£ from th^baset. describe jdie circle EFGr This circle 
will touch th0 U^iftDgle kut^rnally. 
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For (I. 5.) let fall the perpendiculars DG'aiid DF up- 
on the sides AB and Ba< Hie 
tr^iangles ADE, ADG/baving the 
augle DAE equal to DAGv' the 
right angle DEA equal to DGA^ 
and the interjacent $ide AjDjcoid* 
n¥^vMi^] eqMfti (t M* corO> and 
ih^i^foi^e tb^ ¥fi^ D£ is equal to 
XMpr/ Ift,^.s^ttie;maiuier^ itJfr 
pspyied^. from 'the ejqualitjt of ih^ triangles CDE^ CDF 
^£^ J[^ JQis/^qual tP DF; consequently: DO is equal to 
jPtF». nn^ij^ QircW pe^fses tbroii^ ihe three points 'Ej^ 
Grf^To4:¥i,^ ] Bjut it loiso tjotucbes (lU. 18.) the sides of the 
tiji^x^^.JA tbp^ ,po«AtSy for ,th<? angles DEA, D6A, and 

PflCijar^ftU pf tbeo* right angles. .,-. . ' . 

It ■ ' ' 



1. 



I. 



» t </ • 



ITtOP. Vm! tHEOR. 



I* 



<■ • r" 



. » ♦ • ' 



A straight line drawn from the vertex of an equi- 
lateral triangle inscribed in a circle to any point in 
the opposite circumference, is equal to the two chords 
ifefleetH from the 6ame poiiit to i;he extremities of 
the base. 



' ' £iet ABC be ah equilateral triangle inscribed in a cir- 
cle, and BD, AD, and CD chords drawn from its three 

• ■ • . • ■ . 

cbt^ei^^' tb a pbint D in the' circumference'; BD, which 
crbasses the base AC, is equal to AD and CD taken toge- 
ther. 

For, from BD cut off DE equal to DA, and join AE. 
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The angle ADB U eqwl to AGB (UL 
9.) in the same segment, 'Ivliicbf ; being [ ' 
the angle of an equilateral triangle^ is 
equal to the third part of two right an- 
gles. But the triangle ADE being isqs* 
celes by construction, has the angles! 
DAE, DE A at its base equals and each of themi therelbre^ 
ecjual to half of the reittaining two-thirds of two ' right 
angles, or equal to one-Aird part. Cmiseqaently A0fi 
is ei^ateml^ and its angle DAE equal to CAB; take CAE 
from bothf i^d there ifemains the angle DAC equal tb 
;piAB; bpt the angle ABD k equal to ACD m the sam^ 
segment. And thlis tbe triangles ADC and AEB hate 
the arigles DAC, DCA equal to EAB, EBA^ and them- 
teijacent side AC equal to AB; they are tonsequenfttjr 
equal, and the side DC is equal to EB. But DE was 
made equal to DA; wherefore DA and DC are together 
equal to DE and EB, or to DB. 

PROP. IX. PROa 



• I 



In and about a given circle, to inscribe and qyri- 
cumscribe a square. 

Let E ADB be a circle in which it is required to inscifbe 
a square. 

Draw \he diameter AB, cross it (I. 4. cor.) by the v^i;n 
pendicular ED .tiirough the centre, ai^d join AP» DQ» 
B!E^ and EA : The inscribed figure ADBE is a squarier,. 

The angles abqut the centre C, being right angle% are 
equal to each other, and are, therefore, subtended by equal 
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chordss AD^ Pfi, Bi; and A£, but 
one of the angles ADB, being in a si* 
micircle^ is (III. 11.) a right wgle^ 
and consequently ADBE is a square. 

Next, let it be required to circuin* 
scribe a square about the circle. 

Apply tongents FO, GH, HI, and. 
FI at the extremities of the perpendicular dtamet^^: 
These will form a square. 

For all die aaglesiof the quadrilateral figure CG^ being 
together equal to four right angles, and those at C, A| and 
D being each a right ^gle, the rjem^ing angle at G is 
also a right angle, and CG is a rectangle ; but it is like- 
wise a square, since. AC is equal to CD. In the same 
BMlim^r, CH, CI, and CF are proved to be squares ;; the 
sides FG, GH, HI, and IF of the exterior figure, being 
therefore the doubles of equal lines, are mutually equal, 
aiid the angle at G being a right angle, FH is consequent- 
t^a square. 

Cqr. Hence the circumscribing. square is double of the 
inscribed square, and this again is double of the. square 
copstruct^d on.t^he radips of the cirql^. 



PROP. X. PROS. 



To inscribe a regular hexagon in a given circle. 



Let it be required, in the circle FBD, to inscribe a' 
hexagon. 

Draw the radius OA, on which construct the fequilate* 
Tal triangle ABO, and repeat the equal triangles about 
the vertex O : These triangles will compose a he:(agon. 



. k ' 
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For the triangle ABO, being equilaterd, each of its an- 
gles AOB is the third part of 
two right angles, and conse* 
quently six of such angles may 
be placed about the c^atre O. 
But the bases of the triangles 
AOB, BOC, COD, DOE, 
EOF, and FOA form thesides 
of the figure, and the angles at 
those bases its intenial angles ; wherefore it is a regular 
hexagbn* ..;;■•>, 

PROP, XI. THEOR. 

... .•■'■• ■■ . • . . , 

The square of the side of a pentagon inscribed in a 
circle, is equivalent to the squares of the sides of the 
inscribed hexagdn and decagon. 

I^et A6CDEF be half of a decagon inscribed in a cir- 
cle whose diameter is AF ; the square of AC, the side of 
an inscribed pentagon^ is equivalent to the square of AB 
the side of the inscribed decagon, and of the square of the 
radius AO, or the side of an inscribed hexag6n. 

For join AD, and draw OB, OC, and OD. Since die 
arc DEF is double of AB, the angle AOB at the centre 
is evidently equal to OAD or O AG at the circumference ; 
and because the arc BCDEF again is double of DEF, the 
angle OAB at the circum- 
ference is likewise equal 
to A06 at the centre. 
Whence the triangles AOB 
and AGO, having the an- 
gles OAB and AOB equal 
to AOG and OAG, and 
the inteijacent side AO common, are equal, and therefore 
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the base AB is equal to OG. Consequently, GAG is 
an isosceles triangle^ having each of the angles at its 
base double the vertical angle ; wherefore (IV, 3,) OG is 
equal to^ iht gf^ter segment of the side AO divided by 
a medial section. But (II. 13«.cor.) the square of AC 
exceeds the square of AO by the difference of the squares 
of the segmeiits of the base BC, made by a perpendicular 
from the vertex A, or the rectangle under the sum ahd di& 
fei^enrce of those sregments. Nofr this perpendicular biseofr- 
ing the base, the difference of the segments is evidently CG^^ 
Wh^fefbre thie sqtrare of AC, the side of the inscribed 
pentagon, is equivalent to the squnre of AGor AD, thei 
side of the inscribed hexagon, together with the rectangle: 
OC, CG, or the square of OG or AB, the side of the in- 
scribed decagon. 

Cor. Hence the sides of the inscribed deciigon and pell-' 
tagon may be found by a single construction. For d^^w' 
the perpendicular diameters 
AC and EF, bisect OC in D, 
join DE, make DG equal to 
ft^ and join G£. It is evident 
that AO is cut medially in G, 
^nd consequently that OG Is 
equal to a side of the inscri- 
bed decagon. But GO£ be- 
ing a right-angled triangle, 
the square of GE is equivalent to the squares of GO and 
OiE, or the squares of the sides pf the decagon and hexa- 
gon ; whence GE is equal to the side of the inscribed pen- 
tagon. 

It is also evident, that the line CG compounded of the 
sfdes of the hexagon arid of the decagon, and corresponding 
to AGD in the preceding figure, is equal to the chord of the 
triple arc, or of three-tenths of the whole circumference. 
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PROP. Xil. PROB. 

» • 

In a given circle, to inscribe regular polygons of 
fifteen and of thirty sides* 

' . . . ' ■ ' 

JLet AB and BG be the sides pf an inscribed; decagon,, 
and AD the side of a hexagQn likewise inscribed ; the axe 
BD will be the fifteenth part of the circumference of the 
circle, and DC the thirtieth part. 

Fort if the circumference consisted of thirty equal por- 
tiobs» ^ ace A£ would be eqv^l 
to three of these, and the arc AD 
to five ; consequently the excess 
BD is equal to two of these por- 
tions, or it is the fifteenth part of 
the whole circumference. Again, 

the double arc ABC being equal to six portions, and ABt> 
to five, the defect DC is equal to one portion, or to t^e 
thirjtieth part of the circumference. 

(Jor. From the inscription of the square, the pentagon^ 
and the hexagon, — may be derived that of a variety of 
other regular polygons : For, by continually bisecting the 
intercepted arcs and inserting new chords, the Inscribed 
figuire will, at each successive operation^ have the num- 
ber of its sides doubled. Hence polygons will arise of 
6, 8, and 10 sides ; then of 12, 16, and gQ ; next of 24, 

• • . * ' • • • ' 

32, and 40; again, of 48, 64, and .80; and so forth x^r 
peatedly. The excess of the arc of the hexagon above 
that of the decagon, gives the arc of a fifteen-sided figure ; 
and the continued bisection of this arc will mark out po- 
lygons with 30, 60, or 120 equal sides, in perpetual suc- 
cession. 
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BOOK V. 

» ■ » 1. • 

«.■• ■ . '■ • •• 

. fc • • 

DEFII^ITIONS. 

I< Stra^bt lilies drawn from or towards the same pointy 
are termed diverging or ooncerging lines* 

" ■..-.• •.■■■•" 

2. Straight lines are divided simOarfyf when their ooi^ 
responding segments have the same ratio. 

3. A straight line is said to be cut in extreme and mean 
ro^, when the one segment is the mean proportional be^ 
iween the othep-s^ment and the^ndiole line. 

V -j:. .. ■•• : !; . -1... -, '.: ■' ' ■'■ . . «»: ■ ' 

, ^^ Thf) 9P^ 9^ a %iire is thft quantity of spaot which 
its fiir^ Qpciq;ii^. , 



• • y 



5. Similar figures are such as have their angles re^BF^Q-* 
tiy^ly ^qp^ a^^.^e. containing ^ides proportiqnal, 

••.■../■;.«;•'•. - ' ■ ' ■ 

6. If twp sid^s pf a rectilineal figure be the extremes qf, 
an analog^s of whicl^: the means are two corresponding; 
sides in anc^her rectilineal figure ; those figures arQ B^d 
to h^ve^tl^eir^ sides /ecy^riP^pa^prop^ I * 
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PROP. L . THJEOR. 

Parallels cut diverging lines proportionally. 

The parallels D£ and BC cut the diverging lines AB 
and AC iBto propottipnal se^neots. , i; ;« > 

Those parallels may lie on the same side of the vertex, 
or on opposite sides ; and they may consist of two, or of 
more straight lines. 

Let the two parallels^!^ find: :$C intersect the diver- 
ging lines AB and AC ; then are AB and AC cut propor- 
tionally, in the points D ^nd.E^.or AD : AB : : AE : AC. 

Forif AD be commensurable with AB, find (Introd. 14.) 
tjtieir cominon measure M^ which repeat from the*^riex 
A to B, and, from, the corresponding points of section iii^ 
AD and AB, draw the parallels FI, GK, and HL. It is 
erid^i|t tl^at these parallels mnkt also 
divide the straight lines A£ asid AC 
equally ; for, if from the several 
points of section I, K, &c* lines 
werieidrawa parallel to the base^ a. - 
seriesof triangles (1. 14* cor«)'would M— *i* : . j 

be found all equal to AFI. Wherefore the measure M, 
OF AF tiie>siibmultiple of AD, tshContained' in ABj iu^ often 

m 

as AI, the like submultiple of AE, i^t^ontaifibd in'AOi' 
consequently the ratio of AD to AB is the same with that 

of AEto AC. ■ ■- ■ '■■•■ •■ ■•»■■■■■ '■•--"'' -^ 

But if the segments AD and AB be WotbineiisiirablV 
they may still be expressed numerically, to any degree of 
precision. For AD being divided into equal sections, 
these parts, continued towards B, wilt, togkher witli some 
residual portion, composethe whole i^AB. Let tiiis di- 
vision of AD esctend tlirovgh DB as fkr as ft, ahd clraw 
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the (larallel be. . hei. the partst.of AP and AB be again 
jnibdivided» and tli^ corresponding remainder 6J3 will evi- 
dently be diminished ;;cpn^qiiently, at each su^e^sive 
subdivision, the terminating parallel 
be will approximate continually to 
BC. Wherefore, by repea(i|ig this 
process of exhaustion, the divided 
lines Ab and Ac will approach theft 
limits AB and AC, nearer than any > . . 

finite or assignable interval. . Consequently, from. the prie- 
::ceding demotstratioo, AD t AB : : AE : AC- : ^ 
Aiid since AD : AB : : AE : AC, it li^ws by conver- 
sioB, : that AD t DB : : AE : EC/ and again, by composi- 
tion, that AB : DB : : AC : EC. . ; > : » . 
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Diverging lines are proportional to the correspond- 
ing segments into which theyn^ivid^ parallels. 

Let two diverging lines 
' AB afid AC cut the paraW . 
lels BC and DE ; then 
AB : AD : : BC : DE. 
' For .draw DF parallel to 
AC. And, by the last Pro«> 
position, the parallels AC . 
andDFmustcut the straight : 
lines AB and BC proportion- : 
ally,orAB: AD: : BC : CF., 
But CF is equal (I. 26.) to 
the opposite side DE of the^ . 
paraUelogram DECF ; and 
consequently AB : AD : 
BC:DE. 
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Vextf let more than two diverging lines, AB, AF amcl 
AC intersect the parallels BG and DE ; the segments BF 
and FC bate rclspeetit^ to DG 
and 6E the same ratio as AB has 
to AD. 

From what has beieii . already /\ ^jf 

demonstrated, it apfiears, that 
^B : AD : : BF : DO, and al^^ 
diat AF : AG : : FC : GE. But 
by the last Propositionf AB : AD : : 
AF : AG; wherefore AB : AD : : FC : G£. The same 
mode of reasonmg^ it is obvious, ni%(bt be extended to any 
nuniber df aMkmi^ Whence AB : AD i : BF : DG ^ : 
FC: GE. 

Cor. Hence by parallels a j^iven straight line is cut in- 
to segments proportional to'thoi^6 of a divided line. 




.w - 
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MOP, IW. PROS. 

To find a fourth proportional jto thr&^^rtn straight 
lines. 



J^Ui. 






'' ^ •• *m 



Let A, B, and C be three sthuj^t lines to whtdi it is 
required to find a fourth propol^tiolull• 

Draw the diverging lines^' ' X> 
DG and DH, make DE equal 
to A, DF to B, and DG to 
C, join EF, and through G 
draw GH parallel to EF and 
meeting DG in H ; DH is a 
fourth proportional to the-' 
straight lines A, B^ and C. 
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Foe tbe divergitig lines DG aad DM ore' cut propor- 
tionally by the parallels £F and OH (VL L), or DE : DF 
: c DO : DH, that is» Ai B : ;: C: DH. 

CoTm If the mean terms B'alid <> be equal, it is obrioas 
that DO will become etjiial to DF^ and that DH will be 
found a third proportional to the two given terms A ^Uld 
B. 



PROP. IV. THEOR. 
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A straight line which bisects, either internally or 
externally, the vertical angle of a triangle^ will di- 
vide its base into segments, that are proportional to 
the adjacent sides of the triangle. 

. Let the straight luie BD bisect the vertical angle of the 
.trkinglQ ABC ; it will cut the bas^ AC into segments 
which have the same ratio as the adjacent sides, or 
AD : DC : : AB : BC. 

For through C draw CE parallel to DB, and meeting 
the production of AB in E. 

Because DB and CE are parallel, the exterior angle 
ABD is equal to BEC, and the 
alternate angle DBC equal to 
BCE (I. 22.); wherefore the 
angle ABD being equal by hy- 
pothesis to DBC, the angle 
BEC is equal to BCE, and con- 
sequently the triangle CBE is 
isosceles, or BE is equal to BC. 
But the parallels DB and CE 
cut the diverging lines AC and 
AE proportionally (VI. L), or AD : DC : : AB : BE ; 
that is, smce BEsBC, AD : DC : : AB : BC 
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AguiH let the vertical line BD bisect tlie exterior angle 
GBG^df tlie trfailgle ; it will divide the base AC into ex- 
ternal segments AD and. DC, which are also pit)po]r^Dnal 
tp,thea^apenti»ides A^f^ndjBQ. . : [ 

. . i For t)^wgh C draw C£ parajHel .^o JPB, aiid meeting 
:ABin..£L...> . 

The equal angles 
GBDandDBCare, 
from the properiKS 
of parallel straight 
Im^s, ]^es|)ectively 
^liai to B£C and 
• BCEj and i ccoise^ 
qaently the Irian- .A- C P 

gle CBE is isosceles, or the side BC is equal to BE. And 
shlce the divei'ging lines AD land AB arc cut by the pa- 
rallels DB and CE proportionally, AD : DC : : AB : BE 
orBC. 




PROP, V. THEOR. 

> T^ri^Dgles ar^ simii^^ which have their correspond- 
ing angles equal. • 

Let the triangles ABC and DEF have the angle CAfi 
equal to FDE, CBA to FED, ajjd consequently (L 30.) 
the remaining angle BCA equal toEFD; these triangles 
are similar, or the sides in both thatcpntain equal. angles 
are proportional. 

For make BO equal to ED, and draw .QH parallel to 
AC. 



.'I •< . 



I i 



./ } 
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Because GH iis parallel 
to ACy the exterior angle 
BGH is equal (!• 9.) to 
BAC, or to EDF; and 
the angle at B is, by hy- 
pothesis, equal to that at 
E, and the interjacent side 
BG was made equal to ED ; wherefore (1. 14. cdr.) the tri- 
angle GBH is equal to DEF. But the. diverging li^es 
BA and BC being cut proportion^Hy by the parallels AC 
arid GH (V. L), AB is to BCtas BG to BH, or as ED 
to ]£F« : Again, those diverging lines being pro{>6rtioi^ 
to 'thd intercepted segments AC and GH of tb^ pi^raU^d^ 
(V; 8.)» AB is to BG as AC i$ fc GH, and ^tt^ftiately 
AB is to AC as BG is to GH, or as ED to DE. In the 
same manner, as BC is to BH so is AC to GH, and al- 
ternately, as BC is to AC so is BH or EF to GH or DF. 
And thus, the sides opposite to equal angles in the trian- 
gles ABC and DEF are the homologous terms of a pro- 
portion. 



PROP. VI. THEOR. 

Triangles which have the sides abotit two of their 
angles proportional, are similar. 

r • 

In the triangles ABC and DEF, let AB : AC : : DE : DF 
and BC : AC : : EF : DF; then is the angle BAC equal 
to EDF, and the angle BCA equal to EFD. 

For (1. 4.) draw DG and FG, making angles FDG and 
DFG equal to CAB and ACB. 

By the last Proposition, the triangle ABC is similar to 

G 
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DGF, and consequently AB : AC : : DG : DF; but by 
hypothesis, AB : AC : : DE : DF, and hence, from iden^ 
tity of ratios, D6: DF: : 
DE : DF, or DG is e- 
qualtoDE. In the same 
manner, BC : AC : : 
EF:DF,andBC:AC:: 
GF : DF ; whence 
EF : DF : : GF : DF, 
and EF is equal to FG. 
Wherefore the triangles DEF and DGF, having thus the 
sides DE and EF equal to DG and FG, and the side DF 
common to both, are (I. 17.) equal ; consequently the an- 
gle EDF is equal to FDG or BAC, and the angle EFD 
is equal to DFG or BCA. 

PROP. VII. THEOK 

Triangles are similar, if each have an equal angle, 
and its containing sides proportional. 

In the triangles SAC and EDF, let the angle ABC 
be equal to DEF, and the sides which contain the one 
be proportional to those which contain the other, or 
AB : BC : : DE : EF ; the triangles BAC and EDF are 
similar. 

For, from the points E and F, draw EG and FG, ma- 
king the angles FEG and EFG equal to CBA and BCA. 

The triangles BAC and EGF, having thus their corre- 
sponding angles equal, are similar (V. 5.), and therefore 
AB ; BC : : EG : EF. But by hypothesis, AB : BC : : 
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ED : EF ; where- 
fore EG : EF : : 
ED : EF, and con- 
sequently EG is e- 
qual to ED. Hence 
the triangles GFE 
and DFE, having the side EG equal to ED, EF common 
to both, and the contained angle GEF equal to ABC or 
DEF, are equal (I. 14. cor.), and therefore the angle EFG 
or BCA is equal to EFD ; consequently the remaining an- 
gles BAG and EDF of the triangles ABC and DEF are 
^ual (I. ll.)} and these triangles are (V. 5.) similar* 

PROP. VIII. THEOR. 



Triangles are similar, which have each an equal 
angle, and the sides opposite to that and to another 
angle of the same character, proportional. 

Let the triangles CAB and FDE have the angle ABC 
equal to DEF, and the sides opposite to these and to the 
angles at A and D proportional, or BC : AC : : EF : FD ; 
while those angles are both of them acute or obtuse, the 
triangles ABC and DEF are similar. 

For, from the points E aud F draw EG and FG, ma- 
king the angles 
FEG and EFG 
equal to ABC 
and BCA. 

The triangle 
ABC is evidently 
similar to GEF, 

and BC : CA : : EF : FG ; but, by hypothesis, BC : CA : : 

g2 
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EF: FD, and therefore EF: FG: : EF: FD, and FG is 
equal to FD. Whence the triangles EOF and EDF, 
having the angle FEG equal to FED, the side FG equal 
to FD, EF common, and the angles A and D of the same 
character, are equal (I. 17.); consequently the angle 
GFE or ACB is equal to DFE, and therefore (V. 5.) the 
triangles ABC and DEF are similar. 

PROP. IX. THEOR. 

A perpendicular let fall upon the hypotenuse of a 
right-angled triangle from the opposite vertex, will 
divide it into two triangles that are similar to the 
whole and to each other. 

Let the triangle ABC be right angled at B, from which 
the perpendicular BD falls upon the hypotenuse AC ; the 
triangles ABD and D6C, thus formed, are similar to each 
other, and to the whole triangle ACB. 

For the triangles ADB and ACB, having the angle 
BAC common, and the right angle ADB equal to ABC^ 
are similar (V. 5.) Again, the 
triangles DBCand ACB are si- 
milar, since they have the angle 
BCD common, and the right 
angle BDC equal to ABC. The 
triangles ABD and DBC being, 
therefore, both similar to the same triangle ABC, are evi- 
dently similar to each other. 

Cor. Hence any side AB of a right-angled triangle is a 
mean proportional between the hypotenuse AC and the 




adjacent segment AD, formed by a perpendicalar let fall 
upon it from the opposite vertex ; and the perpendicular 
BD itself is a mean proportional between those segments 
AD and DC of the hypotenuse. For the triangles ABC 
and ADB being similar, AC : AB : ; AB : AD ; and the 
triangles ABC and BDC being similar, AC : BC : : 
BC : CD ; again, the triangles ADB and BDC are simi- 
lar, and therefore AD : DB : : DB : DC. 

PROP. X. PROB. 

To find the mean proportional between two given 
straight lines. 

Letitberequired to find the mean proportional between 
the straight lines A and B. 

Find C{III. 16. cor. l.)theside of a ^, , 

square which is equivalent to the rect- Bi 1 

angle contained by A and B; C is 
the mean proportional required. 

For since C* = AB, it follows (Introd. Prop. 3.) that 

IA:C::C:B. 
Tc 
exter 
shall 
Lei 
so thi 
l«nt t 



I 
I 



PROP. XI. PROB. 

To divide a straight line, whether internally or 
externally, so that the rectangle under its segments 
shall be equivalent to a given rectangle. 

Let AB be the straight line which it is required to cut, 
so that the rectangle under its segments shall be equiva- 
l«nt to a given rectangle. 



102 



RUDIMENTS OF PLANE GEOMETRY. 




From the extremities of AB, erect the perpendiculars 
AD and BE, equal to the sides of the given rectangle^ 
and in the same or in opposite directions, according as 
the line is to be cut inter- 
nally or internally ; join 
DE, on which, as a dia- 
meter, describe a circle 
meeting AB or its exten- 
sion in the point C : AC 
and CB are the segments 
required. 

For join DC and CE. 
The angle DCE, being 
contained in a semicircle, 
is a right angle (III. 1).), 
and therefore, in both 
cases, the angles ACD 
and BCE are together 
equal to a right angle. 
But the angles ACD and 
CD A are likewise toge- 
ther equal to a right angle (1. 30. cor. 1.) ; and consequent- 
ly the angles BCE and CDA are equal. Wherefore the 
right-angled triangles CBE and CAD, having the acute 
angle ADC equal to BCE, are similar (V. 5.) ; whence 
AC : AD : : BE : CB, and (Introd. Prop. 3.) AC.CB = 
AD.BE. 

Cor. In the case of internal section, there is evidently 
a limitation ; for when the circle merely touches AB, the 
points C and C^ coincide in the middle, and the rectangle 
under AD and BE becomes equivalent to the square of 
the half of that line. If the rectangle were to exceed that 
square, the circle described on the diameter DE would 
not meet AB. 




. BOOK V. 103 

f 

PROP. XII. THEOR. 

The rectangle under any two sides of a triangle is 
equivalent to the rectangle under the perpendicular 
let fall on the base and the diameter of the circum- 
scribing circle. 

Let ABC be a triangle^ about which is -desoribed a cir- 
cle having the diameter BE ; the rectangle under the sides 
AB and BC is equivalent to the rectangle under BE and 
the perpendicular BD let fall from the vertex of the trian- 
gle upon the base AC. 

For jom C£. The angle BAD is 
equal to BEC (III. 9.), since they 
both stand upon the same arc BC, 
and the angle ADB, being a right 
angle, is (III. 11.) equal to ECB, 
which is contained in a semicircle. 
Wherefore the triangles ABD and 
EBC, being thus similar (V. 5.), AB ; BD : : EB : BC, 
.and consequently (In trod. Prop. 3.) AB.BC=EKBD. 

PROP. XIII. THEOR. 

The rectangles under the opposite sides of *a qua- 
drilateral figure inscribed in a circle, are together 
equivalent to the rectangle under its diagonals. 

In the circle A BCD, let a quadrilateral figure be in- 
scribed, and join the diagonals AC, BD ; the rectangles 
AB, CD and BC, AD, are together equivalent to the rect- 
angle AC, BD. 
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For (I. 4.) draw BE, making an angle ABE equal to 
CBD. • 

The triangles AEB and DCB, having thus the angle 
ABE equal to DBC, and the an- 
gle BAE or BAG equal (III. 9.) 
to BD.C ia the same segment of 
the circle, are similar (V. 5.)j 
and hence AB : AE : : BD : CD ; 
whencie (tntr.) AB.CD= AE.BD- 
Again, because the angle ABE 
is- equal to DBfc, add EBD to 
each, and the #h6le angle AEID is equal to EBG; and 
the angle ADB is equal to ECB in the 'i^ame segment; 
wherefore the triangles DAB and CEB are similar 
(V. 5.), and AD : BD : : EC : BQ and' consequently 
BC.AD = EC.BD. Whence collectively the rectangles 

AB, CD and BC, AD are together equal to the rectangles 
AE, BD and EC, BD, that is, to the whole rectangle 

AC, BD. 




PROP. Xiy. THEOR. 

Triangles which have a common aiigle, are to each 
other in the compound ratio of the containing sides. 

Let ABC and DBE be two triangles, having the same 
or an equal angle at B ; ABC 
is to DBE in the ratio com- ^ 

pounded of that of BA to BD, 
and of BC to BE. 

For jpip ^E and CP. The 
ratio of th^ triangle ABC to 
DBE m^y be cpncpived as com- 
pounded of that of ABC to J^ 
DBC, and of DBC to DBE. But the triangle ABC is 
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to DBC, as the base BA to BD ; and, for the soune rea- 
iohf the triangle DBC is to DBE, as the base BC to BE ; 
eoQseqiiei^tly the'triangle ABC is to DBE id the ratio com- 
pdunded of that of B A to BD, and of BC to BE^ or 
(liitrod. Prop. 12.) in the ratio of the rectangle under BA 
and BC to the rectangle under BD and BE« 

Cor. Hence similar triangles are in the di]iplicate ratio 
of their homologous sides. For, if the angle at B be equal 
to that at E, the triangle ABC is to DEF in the ratio 





compounded of that of AB to DE, and of CB to FE ; 
but, these triangles being similar, the ratio of AB to D£ 
19 the same as that of CB to FE (V. 5.), and consequent- 
ly the triangle ABC is to DEF in the duplicate ratio of 
AB to DE, or (V. 13.) as the square of AB to the square 
ofDE. 



PROP. XV. PROB. 

Ou a given straight line, to construct a rectilineal 
figure similar to a given rectilineal figure. 

Let FK be a straight line, on which it is required to 
construct a rectilineal figure similar to the figure ABCDE. 
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Join AC and AD, dividing the given rectilineal figure 
into its component triangles. From the points F and K 
draw FI and KI, making the angles KFI and FKI equal 
to BAD and AED ; from F and I draw FH and IH 
making the angles IFH and FIH equal to DAC and 
ADC ; and, lastly, from F and H draw F6 and H6 ma- 
king the angles HFG and FHG equal to CAB and ACB. 
The figure FGHIK is similar to ABCDE. 

For the several triangles KFI, IFH, and HFG, which 
compose the figure FGHIK, are, by the construction, evi- 
dently similar to the triangles EAD, DAC, and CAB, in- 




E F K 

to which the figure ABCDE was resolved. Whence 
EK : KI : : AE : ED ; also KI : IF : : ED : DA, and 
IF : IH : : DA : DC, and consequently (Introd. Prop. 7.) 
KI : IH : : ED : DC Again, IH : HF : : DC : C A, and 
HF: KG : : CA : CB ; and hence IH : HG : : DC: CB. 
But HG : GF : : CB : BA ; and the ratio of GF to FK, be- 
ing compounded of that of GF to FH, of FH to FI, and of 
FI to FK, is the same with the ratio of BA to AE, which 
is compounded of the like ratios of BA to AC, of AC to 
AD, and AD to AE. Wherefore all the sides about the 
figure FGHIK are proportional to those about ABCDE ; 
but the several angles of the former, having a like com- 
position, are respectively equal to those of the latter. 
Whence the figure FGHIK is similar to the given figure. 

Cor, Hence similar rectilineal figures may be divided 
into corresponding similar triangles. 



BOOK V. lt>7 



PROP. XVI. THEOR. 

Of similar figures, the perimeters are proportional 
to the corresponding sides, and the areas, to their 
squares. 

Let ABODE and FGHIK be similar polygons, which 
have the corresponding sides AB and FG ; the perimeter, 
or linear boundary, ABODE is to the perimeter FGHIK, 
as AB to FG, BO to GH, OD to HI, DE to IK, or EA 
to KF ; but the area of ABODE, or the contained sur- 
face, is to the area of FGHIK, in the duplicate ratio of 
those homologous terms, or of AB to FG, of BO to GH, 
of CD to HI, of DE to IK, or of EA to KF- 

For, by drawing the diagonals AO, AD in the one, and 
FH, FI in the other, 
these polygons will be 
resolved into similar 
triangles. Whence 
the several analogies 
AB:BO::FG:GH, 
BO:AO::GH:FH, 
AO : OD : : FH : HI, OD : AD : : HI : FI, and 
AD : DE : : FI : IK ; wherefore, by equality and alterna- 
tion, AB : FG : : BO : GH : : OD : HI : : DE : IK : : 
AE : FK, and consequently (Introd, Prop. 8.) as one of 
the antecedents AB, BC, OD, DE or AE, is to its consc- 
quent FG, GH, HI, IK or FK, so is the amount of all 
those antecedents, or the perimeter ABODE, to the a- 
mount of all the consequents, or the perimeter FGHIK. 

Again, the triangle OAB is to the rectangle HFG in 
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the duplicate ratio of AB to FG, the triangle DAC is to 
t ^ . the triangle IFH in the duplicate ratio of AC to FH, or 
of AB to FG, and the triangle BAD is to KFI in the du- 
plicate ratio of AD to FI or of A B to FG ; wherefore the 
^g^^iS^tje of the triapgles CAB, DAC, and EAD, or the 
area of the polygon ABCDE» is to the aggregate of the 
triangles HFG, IFH, and KFI, or the area of the poly- 
gon FGHIK, in the duplicate ratio of AB to FG, of BC 
to GH, of CD to HI, or of DE to IK. 

PROP. XVIL THEOR. 

f - - * 

The arcs of a circle are proportional to the angles 
which they subtend at the centre. 

Let the radii CA, CB, and CD intercept arcs AB and 
BP ; the arc AB is to BD, as the angle ACB to BCft 

For (I. 5.) bisect the angle ACB, bisect again eaph ^f 
its halves, and continue the operation indefinitely. An angl^ 
ACa will be thus obtained which is less than any assignable 
angle. Let this angle ACa or BC6 (I. 4.) be repeatedly 
applied about the point C, from BC towards DC ; it must 
hence, by its multiplication, fill up 
the angle BCD, nearer than any 
possible difference. But the ele- 
men^ry angle ACa being equal 
to B.C^, the corre^onding arc ha 
is equal to B^. Consequently this 
arc ha and its angle ACo, are like 
m^asurei^ of the arc AB and the 
angle ACB, and (hey are both contained equally in tbo 
arc PP ^nd its corresponding angle BCD. Wherefore 
AB : ?P : : ACB : BCD. 




BOOK V. 



109 



PROP. XVUI. THEOR. 

The circumference of a circle is proportional to 
the diameter, and its area to the square of that dia- 
meter. 



Let AB and CD be the diameters of two circles ; the 
circumference AFG is to the circumference CKL, as AB 
to CD; and the area contained by AFG is to the area 
contained by CKL, as the square of AB to the square of 
CD. 

For inscribe the regular hexagons AEFBGH and 
CIKDLM. Because these polygons are equilateral and 
equiangular, they are similar ; and consequently the dia- 
gonal AB is to the corresponding diagonal CD, as 
the perimeter AEFBGH to the perimeter CIKDLM. 
But this proportion must subsist, whatever be the num- 
ber of chords inscribed in either circumference. Insert 
a dodecagon in each circle between the hexagon and 
the circumference, and its perimeter will evidently ap- 




BC 




proacb nearer to the length of that circumference. Pro* 
ceeding thus, by repeated duplications, — the perimeters of 
th^ seiiies ol polygcms that arise in succession, will cQutir 
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nually approximate to the curvilineal boundary, which 
forms their ultimate limit. Wherefore this extreme term, 
or the circumference AEFBGH, is to the circumference 
CIKDLM9 as the diameter AB to the diameter CD. 

Again, the hexagon AEFBGH is to the hexagon 
jCIKDLM in the duplicate ratio of the diagonal AB to 
the corresponding diagonal CD, or as the square of AB 
to the square of CD. Wherefore the successive poly- 
gons which arise from a repeated bisection of the inter- 
mediate arcs, and which approach continually to the areas 
of their containing circles, must have still that same ra- 
tio. Consequently the limiting space, or the circle 
AEFBGH, is to the circle CIKDLM, as the square of 
AB to the square of CD. 

Cbr. It hence follows, that if semicircles be described 
on the sides AB, BC of a right^-angled triangle, and on the 
hypotenuse AC another semicircle be described, passing 
(III. 11.) through the vertpx B, the crescents AFBD and 
BGCE are together equivalent to the triangle A BC. For, 
by the Proposition, the square of AC is to the square of 
AB, as the circle on AC to the circle on AB, or as the 
semicircle ADBEC to the semicircle AFB ; and, for 
the same reason, the square of AC is to the square of 
BC, as the semicircle ADBEC 
to the semicircle BGC. Whence 
the square of AC is to the 
squares of AB and BC, as the 
semicircle ADBEC to the se- 
micircles AFB and BGC. But 
the square of AC is equivalent to the squares of AB and 
BC, and therefore the semicircle ADBEC is equivalent to 
the two semicircles AFB and BGC ; take away the com- 
mon segments ADB and BEC, and there remains the 
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triangle ABC equivalent to the two crescents or Iwics 
AFBD and BGCE. 



PROP. XIX. THEOR. 

The area of any triangle is a mean proportional 
between the rectangle under the semipeiimeter and 
its excess above the base, and the rectangle under 
the separate excesses of that semiperimeter above the 
two remaining sides. 

The area of the triangle ABC is a mean proportion!^ 
between the rectangle under half the sum of all the sides 
and its excess above AC, and the rectangle under the ex- 
cess of that semiperimeter above AB and its excess above 
BC. 

For produce the sides BA and BC, draw the straight 
lines BE, AD, and AE bisecting the angles CBA, BAC, 
and CAI, join CD and CE, and let fall the perpendicu- 
lars DF, DG, and DH within the triangle, and the per- 
pendiculars EI, EK, and EL without it. 

The triangles ADF and ADG, having by construction 
the angle DAF equal to DAG, the angles F and G right 
angles, and the common side AD, are (I. 17. cor.) equal; 
for the same reason, the triangles BDG and BDH are 
equal. In like manner, it is proved, that the triangles AEI 
and AEK are equal, and also the triangles BEI and BEL. 
Whence the triangles CDH and CDF, having the 
side DH equal to DF, the side DC common, and the 
right angle CHD equal to CFD, are (I. 17. eor.) equal ; 
and, for the same reason, the triangles CEK and CEL 
dre equal. Wherefore the segments AF, FC and BG 
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are respectively equal to 
AC, CH and BH, and 
compose with them the 
whole sides of the triangle 
ABC. Consequently the 
segments AF, FCandBG, 
or AC and B6, is equal 
to the semiperimeter, and 
BGis thus its excess above 
the base. Biit the seg- 
ments BH, HC and AG, 
or BC and AG, being likewise equal to the semiperimeter^ 
AG is its excess abovie thV side BC Again, since the 
segments AK and CK of the base are equal to the produc- 
tions AI and CL of the sides AB and BC, the equal lines 
BI and BL are together equal to the whole perimeter of 
the triangle, or each of them is equal to the semiperimeter, 
and AI is its excess above the side AB. 

Now, because DG and EI, being perpendicular to 
BI, are parallel, BG : DG : : BI : EI (V. 2.), and conse- 
quently (Introd. Prop. 1.) BI combining with the two 
first terms of the analogy, and DG with the two. last, 
BIxBG: BIxDG: : DGxBI : DGxEI. But. since 
AD and AE bisect the angle BAC &nd its adjacent angle 
CAI, the angles GAD and EAI are together equal to a 
right angle, and equal, therefore, to'IEAand EAI; whence 
the angle GAD is equal to lEA, and the, right-angled 
triangles DGA and AIE are similar. Wherefore (V. 5.) 
DG : AG : : AI : EI and h^nce DGxEI = AQx AJ; 
consequently BI X BG : DG X BI : : DQ X BI : AG X AI. 
But the triangle ABC is composed of thrcf^ triangles ADB, 
BDC, and CD A, which have the same altitude ; and 
tBitefore its area'is equal to the rectangle tipder the cop^- 

1 
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mon perpendicular DG and half their bases AB, BC> and 
AC, or the semiperimeter BL Whence the area of the 
triangle ABC is a mean proportional between the rect^ 
angle under BI and its excess above AC, and the rect- 
angle under its excess above BC and that above AB. 

PROP. XX. PROB. 

To convert a giren regular polygon into another, 
which shall have the same perimeter, but double the 
number of sides. 

It is evident that, by drawing lines from the centre of 
the inscribed or circumscribing circle to all the corners of 
a regular polygon, this may be divided into as many equal 
and isosceles triangles as it has sides. Let AOB be such 
a sector of the given polygon ; from the centre O let fall 
the perpendicular OC, and produce it to D, till OD be 
equal to OA or OB, nnd 
join AD and BD. The 
isosceles triangle ADB is 
therefore (IV. 1.) con- 
structed on the same base 
with AOB, but has only 
half the vertical angle. 
Consequently twice as ma- 
ny of such angles could 
be coiistituted about D, 
as were placed about O. 
Bisect AD and BD in E 
and F, and the straight 
line joining these points must (V- 2.) be equal to half the 
base AB. Wherefore the triangle EDF, being repeated 
about the vertex D, would form a regular polygon with 
twice as many sides as before, yet under the same extent 

H 

t 
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of perimeter, since each of those sides EF has .only half 
the former length ACB, 

Cor. 1. Hence DG, the radins of the circle which would 
inscribe the derived polygon, is half of CD, that is, half of 
the sum of OC and OA, the radii of the circles inscribing 
and circumscribing the given polygon. Again, since AOD 
is evidently isosceles, AD* = 20A.CD (11. 13. cor.), or 
D£'=OA.^CD, and consequently DE the radins of the 
circumscribing derived polygon is a mean proportional 
between OA and DG, the radius of the circle circum- 
scribing the given polygon, and the radius of the circle in* 
scribing the derived polygon. 

Cor. 2. Hence the area of a circle is equivalent to the 
rectangle under its radius, and a straight line equal to half 
its circumference. For the surface of any regular circum- 
scribing polygon, being composed of triangles such as 
EDF, which have all the same altitude DG, is equivalent 
(II. 1.) to the rectangle under DG, and half the sum of 
their bases, or the semiperimeter of the polygon. There- 
fore the circle itself, since it forms the ultimate limit of 
the polygon, must have its area equivalent to the rectan- 
gle under the radius or the limit of all the successive al- 
titudes and the semicircumference, which limits also the 
corresponding semiperimeters. 

From this proposition is derived a very .simple and 
elegant method of approximating to the numerical ex- 
pression for the area of a circle. Let the original poly- 
gon be a square, each side of which is denoted by unit ; 
the component sector AOB is therefore a right-angled 
isosceles triangle, having the perpendicular OC, or the 
•radius of the inscribed circle, equal to .d,.and the radius OA 
of the circumscribing circle equal to y .5 or .7071067812. 
But DG, the radius of .a circle inscribed in an octagon of 
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. ... OA + OC .5 +>707106812 
the same perimeter, is = ^ = 5 = 

.6035533906; and DE the radius of the circle circumscrir. 
bing that octagon, is = V(OA.DG)= y(.603533906 X 
•707106812)=.6532814824. Again, the radius of the cin- 
de inscribed in a polygon of 16 sides with the same perir 
^^^^^^ .^ ^ .603533906 + .6532814824 ^ .egg^^i^^ggs . 

and the radius of the circle circumscribing that polygon, 
is = V(-6284174365 X -6532814824) = .6407288619. In 
like manner, the radii of circles inscribing and circum- 
scribing the pplygons of 32, 64, 128, &c. sides, under the 
same perimeter, are successively found, by an alternate 
series of arithmetical and geometrical means. 



Na of sides of 


Radius of Inscribed 
Circle. 


Radius of Cii'cum- 


the Polygon. 

• 


scribing Circle. 


• • 

4 


.5000000000 


.7071067812 


8 


.6035533906 


.6532814824 


16 


.6284174365 


.6407288619 


32 


.6345731492 


.6.T764S5773 


64 


.6361083633 


.6368755077 


128 


.6364919355 


.6366836927 


256 


.6365878141 


.6366357516 


512 


.6366117828 


.6366237671 


. 1024 


.6366177750 


.6366207710, , 


2048 


.636619^730 


.6366200^0a 


4096 


.6366196475 


.636619aS48 


; 8102 


.6366197411 


.6366197880 


16384 


.6366197645 


.6366197763 


32768 


.6366197704 


.6366197733 


65536 


.6366197719 


.6366197726 


131072 


.6866197722 


.6366197724 


262144 


.6366197723 


.6366197724 



/ ■ 



.0 



Butthe final term may be discovered still more expe«; 
dltiously ; for, since the numbers in both columns are 
formed by taking successive means, those of the second co^ 
lumn must each time be diminished by the fourth part of 

h2 
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the common difference, and consequently, from Introd« 
Prop. 10, the continued diminution will accumulate to 
one-third of that difference. Wherefore the ultimate ra- 
dius of the inscribed and circumscribing circled is the 
third-part of the sum of a radius of inscription and of 
double the corresponding radius of circumscription. 
Thus^ stopping at the polygon of 256 sides, 
.68665878141 +2(.6366357516) ^ .6366197724, the final 

result. 

Hence the radius of a circle, whose circumference is 
4, or the diameter of a circle whose circumference is 2, 
win be denoted by .6366197724 ; wherefore, reciprocally^ 
the circumference of a circle whose diameter is 1, will be 
expressed by 3.1415926536, and its area, or that of the 
ultimate polygon, by .7853981434. 

By the application of Conditional Equations, (Introd. 
Prop. 15.) the ratio of the diameter to the circumference 
is progressively denoted by 1 : 3, by 7 : 22, by 113 : 355, 
and by 1250 : 8927. The ratio of 1 to 3 is the rudest ap- 
proximation, being the same as that of the diameter of the 
circle to the perimeter of its inscribed hexagon ; the ratio 
of 7 to 22 is what was discovered by Archimedes ; the ra- 
tio of 113 to 855, in which the thrte first odd digits ap- 
pear in pairs, was originally proposed by Adrian Metius 
of Alkmaer, who died in 1636 ; and the ratio of 1250 to 
8927, the same as 1 to 8.1416, which was known to the 
Arabians, and is now generally preferred in practice. 
Wherefore 3*1416, multiplied into the diameter of a cir- 
cle, will denote its circumference, and .7854^ multiplied 
into the square of the diameter, will ^ve the numerical ex- 
pression for its area, which is also to this square nearly nM 
11 to 14. 
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Analysis is that procedure by which a proposi* 
tipQ is traced, through a chain of necessary depen- 
dence» to some admitted principle, or some known 
operation. It is alike applicable to the investigation 
of truth contemplated in a theorem, or to the disco- 
very of the construction required for a problem. Ana- 
Ijrsis, as its name indeed imports, is thus a sort of in- 
verted form of solution. Setting out from the hy- 
pothesis advanced, it mounts, step by step, till it 
has reached a source already explored. The reverse 
of this process constitutes Synthesis, or ComposU 
tioriy — ^which is the mode usually employed for ex- 
plaining the elements of science. Analysis, there- 
fore, presents the medium of invention ; while syn- 
iheidis naturally directs the course of instruction. 



DEFINITIONS. 

1. Quantities are said to be given, which are either ex- 
hibited, or may be found. . 

2. A ratio is said to be given, when it is the same as 
that of two given quantities. 

* 3. P&ints, Hnes, smd spaces, are said to be given inposi' 
tion, if they have always the same situation, and are either 
actually exhibited, or may be found. 

. 4. A circle is given in position, when its centre is given :. 
it is given in magnitude, if its radius be given. 

5. Rectilineal figures are said to be given in species, 
when figures similar to them are given. 

6. If a point vary its position according to some deter- 
mined law, it will trace a line which is termed its Locus. 

7. Isoperimetriad &guTes are such as have equal perime- 
ters, or the same extent of linear boundary. 

A variable quantity derived from another given or con- 
stant quantity, or which depends on it by some relation ac- 
cording to a given law, is necessarily confined between cer- 
tain extreme limits. When it has acquired the greatest 
possible expansion, it is said to have reached a maximum ; 
and when it has contracted into its lowest dimensions, it 
occupies the state of a minimum. 
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PROP. I. PROS. 

Through a given point, to draw a straight line at 
equal angles with two inclined straight lines given in 
position. 

Let A be the given point, and CB, CD the inclined 
straight lines which are given in position. 

ANALYSIS. 

Let those inclined lines meet in C ; draw CH parallel 
to FE, and produce DC. The 
exterior angle GCH is equal to 
CFE, and ECH is equal to the 
alternate angle CEF, but the an- 
gle CFE is equal to CEF, and 
consequently GCH is equal to 

ECH, and the angle GCE is q; q^ ^r^ 

thus bisected by the straight line 

CH. Wherefore CH is given in position,' and hence the 

parallel EF is also given. 

COMPOSITION. 

Bisect the adjacent angle 6CB by the straight line CH, 
and parallel to this draw EF through the given point A ; 
the angle CEF is equal to CFE. For these angles are 
equal respectively to the exterior and to alternate angles 
GCH and ECH of the paraUels CH and AF, and arc? 
consequently equal to each other. 
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PROP. IL PROB. 



Through a given point, to draw a straight line, 
such that the segments intercepted by perpendiculars 
let fall upon it from two given points, shall be equal* 

The points A, B, and C being given, — to draw a 
straight line FE through C, so that the parts CF and CE, 
cut off by the perpendicolars AF and BE, let fall from A 
Hud Bj shall be equal. 

ANALYSIS. 

Produce AC to meet the extension of BE in D. The 
right-angled triangles AFC and 
DEC, having the vertical angle 
ACF equal to DCE, and the side 
CF by hypothesis equal to CE, 
are equal, and hence the side CA 
is equal to CD. But CA is evi- 
dently given ; wherefore CD and 
the point D are given ; BD is 
consequently given, and hence 
the line CE at right angles to it is given. 

COMPOSITION. 

Join AC, and produce it till CD be equal to it ; join BD, 
on 5vhich, froth C, let fall the perpendicular FCE, which 
is the line required. For, draw AF parallel to BD, and 
the triangles FAC and EDC, having the angles ACF, 
AFC equal to DCE, DEC, and the side AC equal to CD, 
are equal, and consequently CF is equal to CE. 
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PROP. III. PROR 



From two given points, to draw straight linei^ 
making equal angles at the same point in a straight 
line given in position. 

Let A, B be two given points^ and CD a straight line 
given in position ; it is required to draw AG and GB to 
some point in it, so that the angles AGC apd BGD on ei- 
ther side shall be equal. 

ANALYSIS. 

From B, one of the given 
points, let fall tlie perpendi- 
cular BE, and produce it to 
meet AG, or its extension 
in F. The angle BGE, be- 
ing equal to AGC, is equal 
to the vertical angle FGE, 
the right angle BEG is equal 
to F£G, and the side G£ is 
common to the triangles 
GBE and GFE, which are 
therefore eqnal, and hence 
the side BE is equal to FE. 
But the perpendicular BE 
is given, and consequently 
EF is given both in position 
and magnitude ; whence the point F is given, and there, 
fore G the intersection of the straight line AF and CD. 
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COMPOSITION. 

Let fall the perpendicular BE, and produce it equally 
on the opposite side, join AF meeting CD in G ; AG and 
BG are the straight lines required. 

For the triangles GB£ and GFE, having the side BE 
equal to FE, GE common, and the contained angle BEG 
equal to FEG, are equal ; and consequently the angle 
BGE is equal to FGE or AGC. 

When .the points A and B lie on the same side of the 
line CD, the problem will always admit of a solution, since 
AGF must cross CD. If those points lie on opposite sides 
of CD and equidistant from it, AFG will become parallel 
to CD, and consequently the problem will fai!^ unless they 
range in the same perpendicular, or the point F coincide 
with A, and the solution is indefinite, and every point in 
CD answers the conditions. 



PROP. IV. PROB. 

From a straight line given in position to draw, 
equal to a given line, a tangent to a given circle. 

Let it be required in the straight line AB to find a 
point B, from which the tangent BC, drawn to the circle 
having O for its centre, shall be equal to D. 

ANALYSIS. 

Through the centre O, draw BGOH, the square of BC 
is equivalent to the rectangle BG, BH, or to the excess 
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of the square of OB above 
that of OG, whence the square 
of OB is equivalent to the 
squares of OC and BC, and 
is therefore given. Conse- 
quently, OB itself is given, 
and the point B, being the in- 
tersection of AB with a given 
circle, is likewise given. 




D- 



COMPOSITION. 

From O draw any radius OE, erect the perpendicular 
£F equal to D, join OF, and from O as a centre, de- 
scribe through F a circle meeting AB in B, from which the 
tangent BC drawn to the interior circle is equal to D. 

For BC*=GB.BH=OB*— OG*, or OB* = BC*+ 
OG* ; but OF* or OB* = OE*+EF*, and BC*+OG» = 
OE*+EF*, or BC*=EF*, and consequently BC is equal 
to EF or D. 



PROP. V. PROB. 



In a given arc of a circle, to inflect two chords 
that shall be together equal to a given straight line. 

Let AFB be a given segment, it is required to inscribe 
the chords AC and BC, whose sum shall be equal to the 
ttneE. 

ANALYSIS. 

Produce AC till CD be equal to BC, and join BD. 
The triangle BCD is evidently isosceles, and consequent- 
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ly the exterior angle ACB is 
double of CDB 5 but ACB is 
given, and therefore its half, 
or ADB, is given. Whence 
ADB is contained in a given 
segment, and the inflected 
line AD, being equal to E, 
is given in position ; where- 
fore the point C and the chords AC and BC are given. 

COMPOSITION. 

Bisect the arc AFB in the point F, from which centre, 
With the chord FA or FB as a radius, describe a circle^ 
and inflect ACD equal to E ; AC and BC being joined^ 
are the chords required. 

For join BD. The angle AFB at the centre is double 
of ADB at the circumference, and consequently ACB is 
likewise double of ADB or CDB ; but ACB is equal to 
the two angles CDB and CBD, which are hence equal to 
the double of CDB, and therefore CDB and CBD are 
mutually equal, and contain an isosceles triangle. Whence 
BC is equal to CD, and AC and BC together are equal 
to AD or E. 

It is evident that E, the sum of the inflected chords, can 
never exceed the diameter of the exterior circle, or the 
amount of the equal chords AF and BF. In other cases, 
the point D, and consequently C will have two positidtis. 

This proposition exhibits both a locus and a maximunu^ 
If a chord AC be extended to D, such that the part 
CD shall be equal to the adjacent chord BC, the locus of 
the extremity D will be a circle, wliose centre is the mid- 
dle point F, having for its radii the equal chords AF and 
BF. 
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PROP. VI. PROB. 

To bisect a given triangle, by a straight line drawn 
from, given ^int in one of i^ sides. 

Let It be required, from the point D, to draw DF, bi- 
secting the triangle ABC. 

ANALYSIS- 

If D be the middle of AC, the line DB drawn to the 
vertex will obviously divide the triangle into two equdi 
portions. But, if not, bisect the side AC in £, and join 
£B, EF and BD. The triangle ABE is equal to EBG, 
and is consequently the half of ABC, wherefore ABE is 
equal to AFD, and, taking AFE 
from both» the remaining triangle 
EFB is equal to EFD ; and since 
these triangles stand on the same 
base £F, they must have the same 

altitude, or EF is parallel to BD. 

But the points B and D being gi- ^ E J^ C 

ven, the straight line BD is given in position, and oon» 
sequently the parallel EF is also given in position. 

COMPOSITION. 

Having bisected AC in E and joined BD^ draw EF pa- 
rallel to it, meeting AB in F ; the straight line DF dt<- 
vides the triangle AJBC into two equal porti<ms. 

For join BE. Because BD is parallel to EF, the tri- 
angle EFB is equal to EFD ; and, adding AFE to each, 
the triaos^ AFD is equal to ABE, that is» to the hatPdf 
the. triangle ABC. 
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PROP. VII. PROS. 

To inscribe a square in a given triangle. 

Let ABC be the triangle in which it is required to in^ 
scribe a square IGFH. 

ANALYSIS. 

Join AF, and produce 
it to meet a parallel to AC 
in E, and letfall the perpen- 
diculars BD and £K. 

Because EB is parallel to 
FG or AC, AF : AE : : 
FG : EB ; and since the 
perpendicular EK is paral- 
lel to FH, AF : AE : : FH : EK. Wherefore FG r 
EB : : FH : EK; but FGnFH, and consequently 
EB = EK. Again, EK, being equal to BD, the altitude 
of the triangle ABC is given, and, therefore, EB is gi« 
ven both in position and magnitude; whence the point 
E is given, and the intersection of AE with BC is given, 
and consequently the parallel FG and the perpendicular 
FH are given, and thence the square IGFH. 

COMPOSITION. 

From B draw BD perpendicular and BE parallel to 
AC, make BE equal to BD, join AE, intersecting BC in 
F, and complete the rectangle IGFH* 

Because BE and EK are parallel to GF and FH, AE : 
AF : : BE : GF, and AE : AF : : EK : EH ; wherefore 
BE : GF : : EK : FH ; but BE=:£K, and consequently 
GF=FH. It is hence evident that IGFH is a square. ^ 
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PROP. VIII. PROB. 

Given two sides of a triangle, and the distance of 
its vertex from the centre of the inscribed circle, to 
construct the triangle. 

Let the sides AB and CB, together with the straight 
line BD drawn from the vertex B to D the centre of an 
inscribed circle be given, to construct the triangle ABC. 

ANALYSIS. 

Join AD and DC, about the triangle ADC describe a 
circle, produce BD to E, and join A£. 

Because D is the centre of the inscribed circle, the an- 
gle is bisected ; but AEB or AED is equal to ACD, and 
ABD is equal to CDB, that is, 
to DCB. Wherefore the trian- 
gle BAE is similar to BDC, and 
BE : B A : : BC : BD ; whence 
the rectangle under BE and BD, 
being equivalent to the rectan- 
gle under AB and BC, is gi- 
ven ; but BD being given, BE 
and the point E are likewise gi- 
ven. Again, the angle DAE 
consists of DAC and CAE or XT 

CDE; of which, DAC is half the angle BAC, and CDE 
is equal to the angles CBD and DCB, or to half the an- 
gles ABC and ACB; consequently the angle DAE is 
half of all the angles of the triangle ABC, and is there- 
fore a right angle, and stands on the diameter DE. The 
\circle -CDAE is hence given, with the points E, D and B, 
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and therefore BA and BC being given, the points A and 
C are likewise given^ and thence the triangle ABC. 

COMPOSITION. 

Prodnce BD to E, so that BD : BC : : BA : BE; on 
DE as a diameter describe a circle, and from B inflect to 
the circumference lines equal to BA and BC; then, AC 
being joined, ABC is the triangle required. 

For produce BC to meet the circumference again in F, 
and join OA, OF. From the property of a circle, the rect- 
angle BF, BC is equivalent to BD, BE ; but, by construc- 
tion, this rectangle BD, BE is equivalent to BA, BC, 
which is therefore equivalent to BF, BC, and consequent- 
ly B A is equal to BF. Wherefore the triangle ABO has 
all its sides respectively equal to those of EBO, and these 
triangles are hence equiangular. The line BD conse- 
quently bisects the angle ABC ; but since, by construction, 
BD : BC : : BA : BE, and the angle ABE is equal to 
CBD, the triangles BAE and BDC are similar; whence 
the angle AED, which is equal to ACD, is likewise equal 
to DCB» and CD bisects the angle ACB. The point D 
is, therefore, by its position, the centre of a circle inscribed 
witliin the triangle ABC. 

PROP. IX. PROB. 

From the vertex of a given triangle, to draw a 
straight line which shall be a mean proportional Ke- 
tvireen the segments of the base. 

CASfe I. 
When the secHcn is uUemcU. 
Let ABC be the given triangle, from the vertex of 



which it is required to drew BD a mean proportional to 
the segments AD and DC of the base. 

ANALYSIS. 

' Describe a circle about the triangle, and produce BD 
to meet the circumference in E. Since BD is a mean pro*, 
portional between AD and DC, its square is equivalent to 
the rectangle under AD and DC ; but this rectangle is 
equivalent to the rectangle under BD and DE, which is 
therefore equivalent to the square of BD, and consequent- 
ly BD itself is equivalent to 
DE. Wherefore FD being 
joined, is perpendicular to 
BE, and the right angle 
FDB is contained in a semi- 
circle, whose intersection 
with the baseof the*trhingle 
deieim^ t^e' pipisition of 
the point l>. 

COMPOSITION. 

About the triangle ABC describe a circle, join its cen- 
tre F with the vertex B, and on this straight line, as a 
diameter, describe another circle cutting the base of the 
triangle in the point D. Join BD, and it is the line re- 
quired. 

For produce BD to the circumference, and join FD. 

The angle FDB is a right angle, and consequently BD 
is equal to DE. But the rectangle AD, DC is equivalent 
to BD, DE, or to the square of BD. Whence BD is a 
mean proportional between AD and DC, the segments of 
the base. 
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CASE 11. 

fV^en the section is external. 

Let it be required, from the vertex B, to draw to a point 
beyond the base the straight line BD, a mean proportional 
to the segments DA and DC. 

ANALYSIS. 

Describe a circle about the given triangle. And since, 
by hypothesis, the square of DB is equivalent to the rect- 
angle under DA and DC, DB 
must touch the circumference. 
But this tangent BD is given in 
position, consequently is like- 
wise its intersection D with the 
produced base. 

COMPOSITION. 

The point D is now determined by a perpendicular 
from the extremity B of a diameter, the variable position 
of a right angle about the radius thus connecting both 
the cases. 

PROP. X. PROB. 

From two given points in the circumference of a 
given circle, to inflect, to another point in that cir- 
cumference, straight lines which shall have a given 
ratio. 

From the points A and B, let it be required to inflect 
AC and BC in a given ratio. 

ANALYSIS. 

Draw CE bisecting the vertical angle ACB. There- 
fore AC : CB : : AD : DB, and consequently the ratio of 
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AD to DB is given, and 
thence the point D is given. 
But since the angle ACE is 
equal to BCE, the arc AE 
is equal to the arc EB, and 
therefore the point^E is gi- 
ven. Whence the points 
E and D being given, the straight line EDC is gi- 
. ven in position, and consequently the point C and the 
chords AC and BC are given. 

COMPOSITION. 

Bisect the arc AEB in E, divide AB in the given ratio 
at D, join ED, and produce it to meet the opposite cir- 
cumference in C ; the chords AC and CB are iu the given 
ratio. 

For since the arc AE is equal to BE, the angle ACP 
is equal to BCD, and consequently AC : CB : : AD : DQ, 
that is, in the given ratio. 

It is evident, that the point E lies in the perpendicular 
which bisects AB; and FD being given, its extension 
DG is likewise given, such that FD.DG=AD.DB= 
CD.DE ; whence FD : DE : : CD : DG, and the verti- 
cal angles FDE and CDG being equal, the triangles EFD 
and DCG are similar, and both right angled. The point 
of inflexion C of the proportional lines AC and BC in all 
the arcs described on AB will thus occur in the circum- 
ference of a semicircle, of which the diameter is DG, and 
DCG the included angle. 

This conclusion anticipates the twentieth Proposition 
of this Book. 

.18 
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PROP. XI. PROB. 

I 

Through two given points, to describe a circle bi- 
secting the circumference of a given circle. 

Let A and B be two points, through which it is requir- 
ed to describe a circle AD6EB, that shall bisect the cir- 
cumference of the circle HDFE. 

ANALYSIS. 

Join D, E, the points of intersection. Because DFE is, 
by hypothesis, a semicircumfe- 
rence, DE is a diameter, and 
must, therefore, pass through the 
centre C. Join AC, and produce 
}e to F. Since DCriCE, it is 
evident that ACGG =s^DC* = 
HC.CF; but the rectangle HC, 
tJF is given, and consequently 
the* rectangle AG, COf is also gi- 
ven ; and AC being given, CG is 

hence given, and the point G. Wherefore the three points 
A, G, and B, being given, the circle AGB is given. 

COMPOSITION. 

Through Cy the Centre of the given circle, draw A€fF, 
make AC : HC : : CF or HC : C6, and throfugh the threie 
points A, G, and B, describe the circle AGB : This will 
bisect the circumference HDFE. 

For, through one erf the points of intersection, draw the 
diameter 0CI, and produce it to meet the circumference 
of the circle AGB in K. Because AC : HC : : HC : CO, 
the square of HC is equal to the rectangle AC and CG ; 
*ut HC^srDC.CI, and AC.CGrrDC.CK : wherefore 
DC.CI=DC.CK, and CI=CK, or the points I and K 
are one, and the circle AGB passes through both extre- 
mities of the diameter of HDFE. 
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PROP. XII. PROB. 

Two arcs of AifFerent circles being constituted 
on the same chord, to draw from its extremity a 
straight line, of wbidi die portion intercepted by 
those arcs shall be equal to a given line. 

r 

L^ the arcs ACB and AEB stand on the same ba&Q 
AB; It is required to draw ACD^ such that CD shall be 
equal to F. 

ANALYSIS. 

jom BC and BD. The angle CDB contained in the 
arc AEB is given ^ and so is ACB, included in the 
smaller arc, and consequently 
its supplemeut BCD ; wherefore 
all the angles of the triangle 
CBD are given, and the triangle 
itself is given in species. But 
it is likewise given in magnitude, 
for the side CD is given. Hence 
BD is given, and therefore the 
point D and the line ACD are al- 
so given. 

COMPOSITION. 

Apply the tangent A£ to the inner arc, and join BE ; 
make AE to BE as F to G, and .in the exterior segment 
inflect G from B to D ; ACD being drawn in ithe line re^ 
quired. 

For join BC and BD, the angle AEB is equal to ADB 
or CDB, and the angle EAB is equal to the angle m the 
segment alternate to ACB, or to the exterior angle BCD ; 
consequently the triangle AEB is similar to CDB, and- 
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AE : BE : : CD : BD ; but, by construction, AE : BE : : 
F : G, and hence CD : BD : : F : G ; wherefore since BD 
was made equal to G, CD must be equal to F. 

PROP. XIII. PROB. 

To cut a given straight line, such tliat the square 
of one part shall be equivalent to the rectangle under 
the remainder and another given straight line. 

Let AB be a straight line, from which it is required to 
cut off a segment AG, whose square shall be equivalent to 
the rectangle under the remainder and the straight line C. 

ANALYSIS. 

Produce BA till AD be equal to C, on DB describe a 
jsemicircle and erect the perpendicular AF. Because 
AG* = CxGB, it follows that 
DA : AG : : AG : GB ; wherefore 
DA : AG : : DG : AB, and conse- 
quently DA.AB=AG.DG; but 

DA.AB=AF*; and therefore J^ ^ -^ ^'^ 
AG.DG=AF*; whence AF is 
equal to a tangent drawn from G to a semicircle descri- 
bed on DA. Bisect DA in E, and join EF ; and because 
AG.DG=AF% add EA* to each, and AG.DG+EA*, or 
EG*, is equivalent to AF* + EA* or EF* ; whence EG is 
equal to EF, and is therefore given. 

COMPOSITION. 

Having produced AD equal to C, and described on BD 
a semicircle, erect the perpendicular AF, bisect AD in E, 
join EF und make EG equal to it; the square of the seg- 
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ment AG thus formed in AB is equivalent to the rectan* 
gle under the remaining part GB and the given line C. 

For EFA being a right angled triangle EF* = EA* + 
AF*, and consequently AF* = EF*—EA», or EG*— EA* ; 
and since EG* — EA* = (EG + E A) (EG — EA), or 
DG- AG, therefore AF* = DG. AG. But AF* zz D A. AB ; 
whence DG.AG=DA.AB, and AG : AB : : DA : DG; 
wherefore AB— AG, or GB : AG : : DG-D A or AG : DA, 
whence AG* = GB.DA. 

If DA, or C, be equal to AB, then AG* = AB.BG, and 
hence AB : AG : : AG : BG, so that the line AB is now 
divided in extreme and mean ratio at the point G. The 
construction becomes evidently the same with that given 
for the medial section of a line, (II. 15.) which was in- 
deed only a simple case of this problem. 

PROP. XIV. PROB. 

Through two given points, to draw straight lines 
to a point in the circumference of a given circle, so 
that the chord of the intercepted segment shall be 
parallel to the straight line which joins the given 
points. 

Let it be required, from the points A and B, to inflect 
AC and BC cutting the given circumference in D and E, 
such that the chord DE shall be parallel to AB. 

ANALYSIS. 

From D draw the tangent DF, meeting AB in F. The 
angle FDE is equal to the angle ECD, or its supplement, 
in the alternate segment; but DE being parallel to AB, 
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the angle FDE or its supple- 
ment is equal to the dternate 
angle AFD, which is conse- 
quently equal to the angle 
ECD or ACB ; wherefore the 
triangles ADF and ABC, ha- 
ving likewise a common angle 
CAB, are similar, and AD : 
AF : : AB : AC, and hence 

AD.AC=AF.AB. But since the pomt A and the circle 
DCE are given, the rectangle AD, AC is also given ; Tor 
it is equivalent to the square of 
the tangent AG, when A lies 
without the circumference, — 
and equivalent to the square of 
AG, a perpendicular to the 
diameter, in the case where 
that point lies within the circle. Hence the rectangle AF, 
AB is given ; and AB being given, AF is likewise given, 
and consequently the point F. Wlierefore the tangent 
FD is given in position ; and since the point A is given, 
the straight line AC is given, and thence BC and the in- 
tersection K 

COMPOSITION. 

If the point A be without the circle, draw the tangent 
AG ; or if it lie within the circle, erect AG perpendicular 
to the diameter which passes through it. Make AB : 
AG : : AG : AF, from F draw the tangent FD, join AD, 
and produce it to meet the opposite circumference in C, 
join CB, cutting the circle in £; the straight line D£ is 
parallel to AB. 

For, smce AB : AG : : AG : AF, AG*= AB.AF; but 
AG*s=CA.AD, whence AB.AF=CA.AD, and conse- 
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quently AB : AC : : AD : AF. Wherefore the triangles 
BAC and DAF, having the sides about their common an* 
gle proportional, are similar, and hence the angle ACB is 
equal to AFD ; but ACB or DCE is equal to EDF or its 
supplement, and consequently the angle AFD is equal to 
£DF or its supplement, and the chord DE is parallel to 
AB. 

PROP. XV. PROB. 

From two given points in the circumference of a 
given circle, to inflect straight lines to another point 
in the opposite circumference, such as to intercept, 
on either side of the centre, equal segments of a gi- 
ven diameter. 

Let it be required from the points A and B, to inflect 
AC and BC, so as to intercept, on the diameter DE, equal 
portions from the centre. 

ANALYSIS. 

Join BA, and produce it and the diameter ED to meet 
in M, draw COL, from O let fall the perpendicular OK 
pjpon AJB, join LK, through A draw AHI parallel to DE, 
and Join HIL 

^ The parallels FG and AI are cut proportionally by the 
div^giog iiMS 

<jAi ch; oftwi 

Dl; but FO AS 
equal to OG, 
and consequent- 
ly AH is equal 
toHL Where- 
fore HK is pa- i^ 
rallel to IB, and the angle AKH is equal to ABI ; and 
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since the angle ABI or ABC is equal to ALC, the angle 
AKH is equal to ALC or ALH, and hence the quadri- 
lateral figure AHKL is contained in a circle. Conse- 
quently the angle H AK is equal to HLK ; but HAK is 
equal to OMK, which is therefore equal to HLK or OLK, 
and thence the quadrilateral figure MOKL is also con- 
tained in a circle. Wherefore the angle MLO is equal 
to MKO ; but MKO is a right angle, and consequently 
MLO is likewise a right angle, and thence ML is a tan- 
gent. But the point M, being the concourse of ED and 
BA, is given, and therefore the tangent ML to the given 
circle is given ; whence the diameter LC, and the point 
C, are given. 

COMPOSITION. ^ 

Produce ED and BA to meet in M, draw the tangent 
ML and the diameter LC ; the straight lines AC and BC 
will cut off from the centre equal portions, OF and OG, 
of the given diameter ED. 

For draw AI parallel to DE, and OK perpendicular to 
AB, and join LK and KH. 

Because ML is a tangent, MLO is a right angle, and, 
therefore, equal to MKO ; consequently MKL is equal 
to MOL, that is, to AHL. Wherefore the quadrilateral 
figure AHKL is contained in a circle, and hence the an- 
gle ALH is equal to AKH ; but, for the same reason^ 
ALH or ALC is equal to ABC or ABI, and consequent- 
ly AKH is equal to ABI, and KH parallel to BI. Now 
since AK is equal to KB, it follows that AH b equal to 
HI, and hence that FO is equal to OG. 
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PROP. XVI. PROB. 

Through two given points, to describe a circle 
touching a given circle. 

Xiet it be required, through the points A and B, to de- 
scribe a circle, touching another circle whose centre is C. 

ANALYSIS. 

Through D, the point of contact, draw ADE and BDF, 
join EF, at F apply the tangent FG, and draw BHCI. 

Because F6 touches the given circle, the angle BFG is 
equal to FED, and therefore 
equal to BAD, since FE 
and AB are parallel ; but 
the triangles B6F and BDA 
have likewise a common an- 
gle at B, and are hence si- 
milar ; therefore BF : BG 
: : BA : BD, and BA.BG 
=z BF.BD = BI.BH. But 
BI and BH are given, and 
thence the rectangle B A, BG 
is given, and consequent- 
ly the point G is given. 
Hence the tangent GF, and 
D, the intersection of BF, 

are given ; wherefore the circle which passes through the 
three points A, D, and B, is given. 

COMPOSITION. 

Make B A : BI : : !BH : BG, draw the tangent GF, join 
BF cutting the given circumference in D, and through 
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the points A, D, and B, describe a circle ; this will touch 
the circle FDE. 

For draw ADE, join FE, and draw BHCL Since 
BA : BI : : BH : BG, therefore BA.BG=BLBH= 
BF.BD ; whence BF : BG : : BA : BD, and conse- 
quently the triangles BGF and BDA, having the same 
vertical angle, are similar, and hence the angle BFG is 
equal to BAD* But BFG is equal to FED, and thus 
the alternate angles BAE and FEA are equal, and FE 
is parallel to AB ; whence the two circles touch at D. 

PROP. XVII. PROB. 

Given the hypotenuse of a right-angled triangle, 
and the sum or difference of the base and perpen- 
dicular, to construct the triangle. 

ANALYSia 

In the base AB, or its production, make BD or BE 
equal to the perpendicular BC, and join CD and CE. 

The triangles CBD and CBE are right-angled and 
isosceles, and therefore the angles at D and Eare«ach of 
them half a right angle. If AD, 
the sum of AB and BC, be gi- 
ven, the point D is given, and 
consequently the straight line 
DC, making a given angle with 
DA, is given in position ; or if 
AE, the difference between the 
base and perpendiddafy be gi- 
ven, the point E is given^ and the straight line EC is given 
in position. But the hypotenuse AC being given, the 
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point C musty therefore, occur in the contact or interseo 
tion of a circle described from A with that radius and the 
straight line CD or CE. Consequently C is given, the 
perpendicular CB, and thence the right-aia^ed triangle 
ABC. 

COMPOSITION. 

Make AD or A£ equal to the sum or difference of AB 
and BC; draw DC or EC at an angle CDE or CED 
equal to half a right angle ; from A with the radhzs AC 
describe a circle meeting DC or EC in the point Q and 
from C let fall the perpendicular CB : ACB is the trian*- 
gle required. 

For the right-angled triangles CBD and CBE are evi^ 
dently isosceles, uid therefore AD is equal to the sum, and 
AE to the difference, of AB and BC. 



PROP. XVIII. PROB. 

Given the base of a triangle, its altitude, and the 
rectangle under its two sides, — ^to determine the tri- 
angle. 

ANALYSIS. 

About the triangle ABC describe a circle, and draw 
the diameter BF and the radii AE and CE. 

Because the given rectangle AB.BC is equivalent to 
BD.BF, this rectangle is like- 
wise given ; and since the per- 
pendicular BD is given, the 
diameter BF, and therefore the 
radii AE, CE, are given. But the 
base AC being given, the triangle 
AEC is hence given, and conse- 
quently the centre E and the cir- 
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cle ABCF are given. Again, because BD, the distance of 
the vertex of the triangle from its base, is given, that point 
must occur in the parallel BB^, and, being thus placed in 
the contact or intersection of a given straight line with a 
given circle, is itself given. 

COMPOSITION. 

On BD construct a rectangle equivalent to the given 
space ; also form on AC the triangle AEC, having A£ 
and C£ each equal to half the greater side of that rectan- 
gle ; from E with the radius £A describe a circle ; on AC 
erect a perpendicular DB equal to the altitude of the tri- 
angle, and through B draw a parallel meeting the circum- 
ference in B or B' : ABC is the triangle required. 

For ABC has evidently the given altitude BD, and the 
rectangle AB.BC, being equivalent to BF.BD, is there- 
fore equivalent to the given space. 

PROP. XIX. PROB. 

To inscribe in a circle a quadrilateral jBgure, of 
which the sides are given. 

Let it be required to find a circle that will circumscribe 
the quadrilateral figure ABCD, contained by given sides. 

ANALYSIS. 

Join the diagonal BD, from D draw DE making with 
the side CD an angle CDE equal to ABD, and meeting 
BC produced in E. 

The exterior angle DCE of the inscribed quadrilateral 
is equal to BAD, and the angle DCE is by construction 
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equal to ABD; wherefore the triangles ADB and DEC 
are similar, and AB : AD : : CD : CE ; but the three 
terms of this analogy being given, the fourth is also given 
and thence the point 
E. Again, from the 
similitude of the same 
triangles, AB : BD : : 
CD : DE, and alter- 
nately AB : CD : : 
BD:DE;butABand 
CD being both given, 
their ratio is given, and consequently that of BD to ED. 
The points B and E being thus given, and likewise the 
ratio of the inflected lines BD and ED, the locus of their 
concourse D is, by the tenth Proposition of this book, a 
given circle. But CD is given, and therefore the point 
D, and the three points B, C, and D, being all given, 
the circle which passes through them is hence given. 

COMPOSITION. 

Let L, M, N, and O express in succession the several 
sides of the quadrilateral figure ; make L : M : : N : CE, 
and annex this in the same straight line with the fourth 
side O or BC ; describe, by Prop. 10. a circle, which 
is the locus of lines inflected from B and E in the ratio of 
L to N; from C inflect to that circle CD equal to N; 
about the three points B, C, and D, describe another cir- 
cle, in which, from B, insert AB equal to L ; and AD, 
being joined, will be equal to M. For join BD and ED. 
Since, from the property of loci, AB : CD : : BD : DEI, 
alternately AB : BD : : CD : DE, and the angle ECD 
being equal to BAD, the triangles ABD and CDE are 
similar, and AB : AD : : CD : CE ; but by construction 



144 GEOMETRICAL ANALYSIS. 

AB : M : : CD : CE, and consequently AD : M : : CD : CD,. 

and AD is equal to M. The circle described admits, 
therefore, all the four chords which form the sides of the 
quadrilateral figure. 

PROP. XX. THEOR. 

If a straight line, drawn through a given point to 
the circumference of a given circle, be divided in a 
given ratio, the locus of the point of section will also 
be the circumference of a given circle. 

Let AB, terminating in a given circumference, be cut 
in a given ratio ; the segment AC will likewise terminate 
in a given circumference. 

ANALYSIS. 

Join A with D the centre of the given circle, and draw 
CE parallel to BD. It is ob- 
vious that AC : AB : : AE : AD ; 
whence the ratio of AE to 
AD being given, AE and the 
point E are given. Again, 
since AC : AB : : CE : BD, the 
ratio of CE to BD is given, and 
consequently CE is given in 
magnitude. Wherefore the 
one extremity E being given, the other extremity of CE 
must trace the circumference of a given circle. 

COMPOSITION. 

Join AD, and divide it at E in the given ratio, and in 
:the want raiid mike DB to the radius EC, with which, 
and from the centre E, describe a circle. 

1 
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Fat draw AB cutting both circumferences, and join C£ 
and BD. Because CE : BD : : A£ : AD, alternately 
CE : AE : : BD : AD ; wherefore the triangles CAE and 
BAD, having likewise a common angle, are similar, and 
consequently AC : CB : : AE : AD, that is, in the given 
ratio. 



PROP. XXI. THEOR, 

If, from two given points, there be inflected two 
straight lines in a given ratio, the locics of their 
point of concourse is a straight line, or a circle given 
in position. 

X>et AC and BC, drawn from the points A and B, have 
a given ratio ; then will C, the point of concourse, lie in 
a straight line given in position, or in the circumference 
of a given circle* 

1. When the inflected lines are equals they terminal in a 
straight Ji^^ given in posOian. 

ANALYSIS. 
Bisect AB in E, and join EC. The 
triangles ACE and BCE, having the 
sides AE and AC equal to BE and BC, 
and EC common, are equal; wherefore 
the angle AEC is equal to BEC, and 
EC is perpendicular to AB, and conse- 
quently given in position^ 

COMPOSITION. 
Bisect AB by the perpendicular EC, which is the hcus 
required. For draw AC and BC to any point in it, and 
the triangles AEC and BEC are evidently equal, and 
hence AC is equal to BC. 
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2. When the inflected lines AC and BC have a raHo qf 
inequality y their paint qf concourse lies in the ctrcnrnfetiBna 
of a given cirde. 

ANALYSIS. 

Draw CD, making the angle BCD equal to BAC, and 
meeting AB produced in D. The triangles DAC and 
DCB, having the angle at D common, and the angles at 
A and C equal, are evidently similar ; and hence AD : AC 
: : DC : BC, and alternately 
AD:DC::AC:BC,thatis, 
in the given ratio. But 
AD : DC : : DC : BD, and 
consequently AD is to BD in 
the duplicate of the given ra-» 
tio of AD to DC, and which 
is therefore likewise given. 
Consequently BD, and the point D, are given ; and DC 
being thence given, its extremity C must lie in the cir- 
cumference of a circle described with that radius. 

COMPOSITION. 

Divide AB in the given ratio at £, and in thQ same 
ratio make ED to BD ; the circle described from the 
centre D, and with the radius DE, is the loots required. 

For, since AE : BE : : ED : BD, it follows that AD 
: ED or DC : : ED or DC : BD; hence the triangles 
DAC and DCB, having the sides which contain their 
common angle at D proportional, are similar, and there- 
fore AC : AD : : BC : DC, or alternately AC : BC : : 
AD : DC or ED, that is, in the given ratio. 
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PROP. XXII. THSiOR. 

If from two given points there be inflected two 
straight lines, of whose squares the diflFerence is gi- 
ven, the bcus of their point of concourse will be a 
straight line given in position. 

Let AC and BC, drawn from the points A and B, have 
the difference of their squares given ; the locus of C, the 
point of concourse, is a straight line given in position. 

ANALYSIS. 

P^iv CD pf rpendic^r 
to AB, which bisect in E. 
The difference between the 
squares of AC and BC is 
eqtta) to inriee ^ rectan-^ 
gle under AB and ED; 
consequently that rectan- 
gle, and its containing side 
£D| are given ; whence 
the point of bisection E 
being given, the point D 
is given, and the perpendicular CD is tberefeire giv€fil'in 
p6iMtftt. 

COMPOSITION. 

Bisect AB in £^ and make the rectangle under twice 
AB and ED equa) Uy the given sipace ; ^ <he pef penfibnlar 
DC is the focfw required. ' '. •' ' ' 

• For AC*— B€»=iAB.8BD=2AB.ED, and >dd!iwd- 
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cjuently the difference of the squares of AC and BC it 
equal to the given space. 

PROP. XXIII. THEOR, 

If, from given points, there be inflected straight 
lines, whose squares are together equiil to a given 
space, — ^their point of concourse will terminate in 
the circumference of a given circle. 

1. When there are only two given points. 

Let AP and BP, drawn from the points A and B, have 
the sum of their squares given ; the Uxus of their point of 
concourse is a given circle. 

ANALYSIS. 

Bisect AB in O, and join OP. The squares of AP and 
BP are equal to twice the 
squares of AO and OP. 
Hence the sum of the 
squares of AO and OP is 
given ; but AO and its 
square being given, the 
square of OP and OP it- 
self must be given ; wherefore the locus of the extremity 
P is a circle, of which the point of bisection is the centre. 

COMPOSITION. 

Bisect AB in O ; find AF the side of a square equal to 
half the given space, and make 0£*=AF^— AO*; the 
point O is the centre, and OE the radiusi of the required 
circle. 



'\ 
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For AP* + BP» = 2AO»+20P*=8AO»+20E» = 
SAF*, or the given space. 

2. Wien three poaiU are given. 

Let the straight lines AP, BP aod CP, inflected from 
the points A, B, and C, have the sum of their squares gi- 
ven ;' the baa of their point of concourse is a ^ven cir- 
cle. 

ANALYSIS. 
Bisect AB in E, and AP»+BP»=2AE*+2EP'; 
consequently AP" + 
BP»+CP»=2AE' + 
2EP' + CP'. Now 
2AE»=AB.BE, and, 
letting fall the perpen- 
dicular PF, 2EP' = 
2EF* + 2PF», and 
CP' = PF' + CF'. 
Wherefore AP» + BP» + CP*=AB.BE-l-3PF»-h2EF» 
+ CF'. Trisect EC in the point O, and join PO ; and, 
2EF»-HCF»=EC.CO-(-30F" *. Whence AP»-f-BP'-|- 
CP» = AB.BE + ECCO + 3PF'-HSOF*=AB.BE-|- 
EC.C0+8P0". But the intermediate points of division 
E and O are evidently ^ven, and thence the rectangles 
AB, BE and EC, CO, are given ; wherefore 3P0* is gi- 
ven, and consequently PO itself. Since one extremity of 
that line then is given, the other extremity P must lie in 
the circumference of a given drcle* having PO for its ra- 
dius. 

• PoTEF'=EO'+OP'-f.8EO.OF,{orCO.OF),aiidSEF'=2EO', 
<orCO.EO), -|-SOF<.(.8CO.OF:InitCF> = CO*4.0F*— SCO.OF, 
ud coMcqueDt^ 8EF>-|-CF'aBCO (&0+C0), oc CO.CE-f-tOF>. 
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COMPOSITION., 

Bisect AB in E, trisect EC in O, and find OP snch 
that its square shall be triple the excess of the giyen space 
above the rectangles AB, BE and EC, CO j the hcus re- 
quired is a circle, of which O is the centre, and PO the 
radius. For 3PO*=3PF*+80F% 3PO*+EC.COs: 
3PF*+EC.CO+30F*=53PF*+2EF*+CF*=2PE* + 
PF* + CF* = 2PE* + CP* ; consequently the given space, 
or 3PO*+AB.BE+EC.CO = 2AE* + 2PE* + CP*= 
AP* + BP* + CP*. 

By pursuing this mode of investigation^ the proposition 
may be successively extended to any number of points, b^ 
the quadrisection and quinquisection, &c. of the liqesdrawp 
to the fourth and fifth, &c. 

PROP, XXIV. PROB. 

In a straight line given in position, to find a poiltf, 
whose distances from two given points on the same 
side shall together be the least possible. 

Let it it be r^equir^, from the points A and 6 to some 
point in CD, to draw the lines AG «nd BG, forming t9- 
getber a mMmum. 

ANALYSIS. 

From B, eitb«r of the given points, let fall the peipen- 
dipular BE upon CD, and, having produced it equally on 
the (^posite side, join GF. It is obvious that the triangles 
BEG, FEG are equal, and consequently that BG=sGF ; 
whence AG + GF is a minimum. But the points A and 
F are evidently both given, and since the shortest commu- 
nica^pn between them is a straight line, its intersection 
G m^ QD is given, and th^efbre the inflected lines AG 
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and BG are given in posi- 
tion. 

Cor. It hence appears that, 
when the combined dis- 
tance of the points A and B 
from the straight line CD 
is the least possible, the in- 
cident angles AGC and 
BGD are equal. 




D 



PROP. XXV. THEOR. 

Straight lines drawn from two given points to the 
circumference of a given circle are the least possible, 
when they make equal angles with a tangent applied 
at the point of inflection. 



Of all the straight lines inflected from the points. A and 
B to the circumference of the circle GDH, AD and BD, 
which meet the tangent £F at equal angles, form together 
a minimum* 

For, by the last proposition, AD 
and BD, falling at an equal inci- 
dence, are jointly shorter than any 
other lines inflected from the points 
A and B to the straight line EF; 
but such lines drawn to that tan- 
gent are less than the exterior lines 
which terminate in the circumfe- 
rence ; whence, for both these 
reasons combmed, AD and BD must form the minimim 
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of all the straight lines inflected to the circumference 
GDH. 

Cot. It may be shewn nearly in the same way, that the 
lines from A and B attain their mcLximvm^ when they are 
inflected to a point where DC meets the opposite concave 
circumference. 

PROP. XXVI. PROS. 

To find a point, whose distances from three given 
points are the least possible. 

Let it be required, from the points A, B, and E, to draw 
AD, BD, and CD, such that their sum shall be a mtm- 
mum. 

ANALYSIS. 

If the distance BD were supposed to remain constant, 
the position of D, in the circumference of a circle described 
from B with the radius BD, must, by the last proposition, 
be such, when AD and CD together compose a minimwn^ 
that the angle ADB shall be equal to CDB. For the same 
reason, if AD continued invariable, BD and CD, com- 
pleting the minimumy must 
form with it equal angles ADB 
and ADC. Whence, uniting 
these conditions, the straight 
lines AD, BD, and CD all 
make equal angles about their 
point of concourse. 

It is hence obvious, that the point D must occur in the 
intersection of the arcs of circles described about equila- 
teral triangles, constituted externally on the sides AB, 
BC, or AC. 
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PROP. XXVIL PROB. 

In a straight line given in position, to find a point, 
at which the straight lines, drawn to two given 
points on the same side, shall contain the greatest 
angle. 

Let it be required to draw AC and BC to a point C in 
DE, so that the angle ACB shall be a Maximum. 

ANALYSIS. 

Describe a circle about the points C, A, and B. Because 
the angle ACB is greater than 
any other which has its vertex 
in DE, the circumference must 
lie within that straight line, 
and therefore DE touches the 
circle. 

It hence follows, that G A . GB 

s=GC*; and, therefore, the ^ ^ ^ '^' 

point C is assigned, by finding GC a mean proportional 
to 6A and GB. 

PROP. XXVIIL PROB. 

To find a triangle with a given perimeter, and 
standing on a given base, that shall contain the 
greatest area. 

Let it be required to find a triangle ABC, constituted 
on the base AC, and containing, within a given perimeter, 
the greatest possible surface. 
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ANALYSIS. 

Since the base of the triangle ABC is constant while its 
area forms a maximum^ the corresponding altitude must 
evidently be the greatest possible, and consequently the 
vertex B must lie in a parallel the remotest from AC. Sup* 
posing, therefore, the parallel D£ to retain its place, the 
sum of the sides AB and CB, and 
consequently the whole perimeter of 
the triangle, will, by the twenty-fourth 
Proposition of this Book, be the least 
possible, when the angle A6D is equal 
to CBE» Whence, preserving the 
same perimeter, the parallel will be enabled to recede to 
the greatest distance from AC, if these incident angles still 
maintain their equality ; but DE being parallel to AC, the 
alternate angles BAC and BCA are likewise equal, and 
consequently their opposite sides CB and AB. The tri- 
angle ABC is thus isosceles ; and it is also given, for its 
sides are all given. 

Car. Hence an equilateral polygon, under a given num- 
ber of sides, contams, within the same perimeter, the 
greatest possible surface : For, the rest of the figure re- 
maining constant, suppose any two adjacent sides to vary, 
and the accrescent triangle so formed will, by this propo- 
sition, be a fnaximunij when those sides are equaL The 
polygon, deriving its expansion from the aggregate of the 
exterior triangles, must therefore be the greatest possible, 
when such triangles are in every combination isosceles, 
and consequently when all the sides of the figure equal. 
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PROP. XXIX. THEOR. 

If a polygon have all its sides given, except one, 
it will contain the greatest area, when it can be in- 
scribed in a «;emicircle, of which this indeterminate 
side^ic; the diameter. 

Let the polygon ABCDEF, having given sides AB, EC, 
CD, DE and EF, stand upon a base AF, which is varia- 
ble ; the area will attain its maximum^ when AF becomes 
the diameter of a circumscribing semicircle. 

For AD and FD being inflected to any point D, the 
spaces ABCD and DEF will evidently remain the same, 
while the angle ADF is en- 
l^rged? or the points A and F 
are distended. Whence the 
polygon must contain the 
greatest area, when the in- 
cluded triangle ADF, contain- 
ed by given sides AD and DF^ is a maximum. Now^ this 
will take place when the altitude of the triangle, or the 
perpendicular let fall from the vertex F upon AD, is the 
greatest possible. Wherefore ADF is a right angle, and 
consequently the point D lies in a semicircumference. But 
the same reason applies to every other intermediate point 
Bf Ci or E, of the polygon, which consequently, in its state 
(0^ maximum^ is disposed within a semicircle described on 
il^ variable side AF. 

Cor. 1 . Hence a polygon, whose sides are all given, con- 
tains the greatest area, when it can be inscribed in a circle. 
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For let ABCD be a polygon, which has each of its sides 
AB| BC| CD, and AD given. Draw the diameter AF, 
and join DF. The polygon ABCDF is thus a maximum ; 
but the triangle ADF being evidently determinate, the re- 
maining polygon ABCD is likewise a maximum. 

Cor. 2. Hence a regular polygon, with a given peri- 
meter, and formed by a given number of sides, con- 
tains the greatest area. For, by the corollary to the last 
Proposition, the sides are all equal; but its angles are 
also equal, since it occupies the circumference of a circle. 

PROP. XXX. THEOR. 

A circle contains, within a given perimeter, the 
greatest possible area. 

From the preceding investigations, it appears, that the 
perimeter and number of 
sides being given, the fi- 
gure of greatest capacity is 
a regular polygon. Let 
ABCDEF be such a poly- 
gon, bounded by the gi- 
ven perimeter: Bisect the 
corresponding arcs of the 

circumscribing circle, and 
another regular polygon 

MBGCHDIEKFLA will arise, having twice the number 
of sides. Draw the diameter MI, and join MD and OD. 
Both polygons are alike composed of triangles equal to 
ODN and ODI, and consequently the area of the poly- 
gon ABCDEF is to that of MBGCHDIEKFLA as ON 
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to OI, or as 20N or PN to 20I or MI. But if this ex- 
terior polygon MBGCHDIEKFLA were contracted to 
the same perimeter with ABCDEF, its area would be di- 
minished in the ratio of DI^ to DN^i that is, in the ratio 
of the rectangle MI, NI to MN, NI, or that of MI to MN. 
Whence the original polygon is to another of equal pe- 
rimeter and with double the number of sides, as PNto MN. 
An isoperimetrical figure thus has it area always increased, 
by doubling the number of its sides. Continuing this du- 
plication, therefore, the regular polygons which arise in 
succession will have their capacity perpetually enlarged. 
Whence the circle, as it forms the limit or extreme boun- 
dary of all those polygons, must, with a given circumfe- 
rence, contain the greatest possible space. 
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Trigonometry is the science of calculating the 
sides or angles of a triangle. It combines the prin- 
ciples of Geometry and Arithmetic. 

The sides of a triangle are measured, by referring 
them to some definite portion of linear extent> which 
is fixed by convention. The mensuration of angles is 
efiected, by means of that universal standard derived 
from the partition of a circuit. Since angles are pro- 
portional to the intercepted arcs of a circle described 
from their vertex, the subdivision of the circumference 
must determine their magnitude. A quadrant, or the 
fourth part of the circumference, corresponding to a 
right angle, hence forms the basis of angular measurers. 
But these measures depend on the relation of certain 
classes of lines connected with the circle, which it is 
necessary previously to investigate. 
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DEFINITIONS. 

1. The complement of an arc is its defect from a quadrant; 
its suppkment is its defect from a semicircumference ; and 
its eocpkment is its defect from the whole circumference. 

2. The sine of an arc is a perpendicular let fall from 
(me of its extremities upon a diameter passing through the 
other. 

8. The versed sine of an arc is the portion of a diame- 
ter intercepted between its sine and the circumference. 

4. The tangent of an arc is a perpendicular drawn at 
one extremity to a diameter, and limited by a diameter 
extending through the other. 

5. The secant of an arc is the straight line which joins 
the centre with the termination of the tangent. 

In naming the sine^ or tangent, of the complement of an arc, it is 
usual to employ the ahhreviated terms of cosine, cotangent and 
cosecant. A fieurtber contraction is frequently made in noting the 
radius and other lines connected with the circle, by retaining only 
the first syllable of the word, or even, the mere initial letter. 

Let ACFE be a circle, of which the diameters AF and C£ are 
at right angles ; havmg taken any arc AB, produce the radius 
OB| and draw BD, AH perpendicular to AF, and BG, CI per- 
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pendicular to C£. Of this assumed 
arc AB, the complement is BC, the 
supplement is BCF, and the expU'^ 
ment is BCFEA ; the sine is BD, 
the cosine BG or OD, the versed 
sine AD, the coversed sine CG, S* 
and the supplemental versed sine 
FD ; the tangent of AB is AH, 
«ad its eotanff&st CI ; and the se^ 
-oon^of the same arc is 0H> and its 
cosecant Oh . 



Several obvious consequences flow from these defini- 
tions: 

1. Since the diameter which bisects an arc bisects also 
the chord ^t right angles» it fo^low^ that half the chprd«of 
any arp is equal to the sine of half thatarc* : ,> 

2. In the right-angled-triangle ODB, BD*+OD* = 
OB^ ; iahd hence the squares of the sine and cosine df an 
arc are together equal to the square of the radius. 

3. The triangle ODB being evidently similar to OAH, 
OD : DB : : OA : AH ; that is^ the cosine of an arc is to 

the sine, as the radius to the tangent. 

4. From the similar triangles ODB and O AH, OD : OB 
: : OA : OH ; wherefore the radius is a mean proportional 
between the cosine and the secant of an arc 



, 5. Since BD' = AD.FD, it is evident that the sine of an 
arc is a mean proportional between the vei'sed sine and the 

L 



162 ELEMENTS OF 

supplemental versed sine, or between the sum and diflfer- 
ence of the radius and the cosine. 

6. Hence also the chord of an arc is a mean propor- 
tional between the versed sine and the diameter ; for AB* 
= AD.AF. 

7. The triangles OAH and ICO being sunilar, AH : QA 
: OC : CI ; and hence the radius is a mean propov- 

tional between the tangent of an arc and its cotangent* 

«. Since OD* = BGP = CG.CE, it follows that the cosine 
of an arc is a mean proportional between the sum and dif- 
ference of the radius and the sine. 

I . . ". ■' .' . . .' : . ■ . • . ' . , 

> * • ■ r 

- *'In the first semicircle, the sines may be considered aes 
positive or additive ; but in the second semicircle as nega- 
tive or subtractive. 

-.. ^-m; ■•.••;.•. • . ■ ' ■ 

: Again, the cosine EG or DO in the first arid third ^pui- 
drants is subtractive, and in the second ptnd fourt^additive; 
but the versed sine AD is subtractive through the whole 
circuil;, increasing till it equals the diameter A,F ia, the 
upper semicircle, and again decreasing in the ui^er senii> 
circle till it vanishes. 

To perceive more clearly the connexion of those lines de- 
rived from the circle, we may trace their successive values 
while the corresponding arc is continually increased. In 
the first quadrant AC, the sine BD augments till it con- 
stantly equals the radius CO; but in the second qua- 

r 

drant CF, it again diminishes and becomes extinct at F. 
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la tho third and fourth qUitdrfttits F£ and EA) the ditt6 re- 
appears on the opposite side^ iticreasidg, and afterwards 
decreasing till it vanishes at A, 

The tangent AH continually augments in the first qua- 
drant, but in the second quadrant it reappears on the op- 
posite side, diminishing till it becomes extinct. In the 
third and fourth quadrants the same order of changes 
is nipeated* In the first and third quadrants, therefore, 
the tangent is additive, but in the second and fourth qua- 
drants subtractive. The cotangent has the same charac- 
ter. 

The circumference of the circto is qomwoiAy divided 
into 360 equal parts, called degrees, each of tbem being 
subdivided into 60 minutes, and these again being each 
disting/aished into 60 seconds. It very seldom is^ required 
to carry this subdivision any further. Degrees, minuteffi 
seconds, or thirds, are conveniently noted by these marks, 



// /// 



Thus, 23^ 27' S3'' 42'", signifies 23 degrees, 27 minutes, 
33 seconds, and 42 thirds. 

As grounds of trigonometrical calculation, it fs^ re-* 

quisite to form tables of the length of the several lines 

cofitieeted with tfae cirde. The radius being reckoned 

' uiiit, tfiose measures are referred to that standard, and 

eommonly <^rried to seven decimal places. 
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. , The SiKEB corr!esp<mding to every ere of the Quadmit 
nay l^ computed Crum this ■■.■■..■< 

PROPOSITION. 



Of three eguidifferent arcs, the. rectangle under 
the radius and the sum of the sines of the extreines 
is. equal to twice the rectangle under the cosine of 
the common difference and the sine of the mean 



Let A — B, At and A+B represent Uiree arcs, incrca- 
' liag by the ctMnmon difierenoe B ; then 
- iE(»Mi(A+B)+#i»(A— B))=2c<MB«tnA. 

If AB represent the mean arc, and BC or BC' the 
■Unblbb&'difl'erence, the three arcs ^- 

will be Afc'i AB and AC. ' Join 
OB and.,.CC', intersecting in F, 
through which draw FC and HFH' 
parallel to BD and OA. It is evi- 
dent that the radiu* OB bisects., _ 
CFC at right angles, and that the °^ ^" 
.opposite sides CH and C'H' of the right-angled triangles 
.CHF aod CH'F are equal But, from the property of 
paraUel and diverging lines, OB : OF : : BD : FQ, 
and consequently OB : 20F : : BD : 2FG, or C'E'+CE ; 
wherefore OB (CD'+CD) =20F.BD. 

If the point C coincide with A, then OB.CD = 
20F.BD; or B.tin2 A =2cog Asia A. 
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Since a smi^l arc AB is evidently less than its tangent 
AT, and greater than its sine BD» it will be nearly equal to 
a portion AH of the tangent, as limited by a straight line 
PBH, drawn from some point P in the diameter, or its 
extension beyond the 
centre O. To find this 
point, assume an arc AB 
of 18% or the twentieth 
part of the circumfer- 
ence, atid therefore de- 
noted by .B1416; the corresponding sine BD, being half 
the side of an inscribed decagon, is therefore approxi« 
mately .30902, whence the cositle OI> is computed to be 
.95106; But, from similar triangles, AH : BDt : AP : I>P, 
and consequently AH— BD : AH : : AP— DP : AP; 
that, is, .00514 : .31416 : : .04894 : 2.9903, and hencQ 
AP may be always taken as equal to three times the radius 
OA, the point P thus lying without the circle, and at a 
distance equal to the radius. 

Now, the ratio of PD to PA, as it approaches to that of 
equality, will not be sensibly affected, by taking from each 
of the terms small equal differences. Whence BD is to 
AH, or the arc AB, very nearly as PD — 2D A to PA — DA, 
or SOD to 20D+0A ; but OD : OA : : BD : AT, and 
therefore BD : AH : : 3BD : 2BD+AT; and the third 
term of this analogy being triple of the first, the fourth 
term must likewise be triple of the second, that is^ twice 
the sine of the arc AB, together with its tangent, approxt-* 
mate» to three, times the length of the arc. 

Again, the small .lire, its sine and tangent^, beibg* denote 
ed respectively by a, s, and (, since BD^-st CDJD^A^it 

follow^ that the yersed sine DA must be very nearly ckjiual 

■ . . ' ' . . . I . . , ■ •. I .• > ,• ji. 

» • J \ t 1 • • • ; . " . . » * ^ •■ " J 



to —. Wherefore #;/::! :I + -^^ and cons^ueiitlf 

** ** #* * • 

/ = #+-— and 8a=3«+---, or a ^ «+ —-. 
2 2 6 

Since the circumference of a circle whose radius is imit 

was found (Prop. 20, Book V.) to be 3.1415926QM> ibe 

360th part of this, or the arc of one degree^ is eqmd U^ 

.0174533, it follows from what has been just showoi tb^t the 

sineof l<'=.ei74533-.^(.0174533)3 =:.0174d24» andheooe 

theyersedsineofl''=|(.0174524)* zz .0001523. Wb^e- 

forem(A+l°) =2«i»A--2mAx.000152a--«m(A-^l^]> 
QTftf/rom twice the sine qf any arc^ diminuked by it$ pr9^ 
dud^ into i)001523, the sine (^ an are cm degree lamer be 
euUracted^ tie remainder will exiibiitke sine ^ am ^v^biok^ 
is one degree higher. Thus, 

SinT^ -2sin.\^—2sin V X .000 1523=. 0349048— .00000$8 

= .0348995. 
5'«>i3*^=2rfn2^— 2«n2* X. 0001523— «nl^= .0697990— 

.0000 106 — 174524 = .0523360. 
Sm4^=2jnw3*— 2m3<> X .0001523— «» 2° =.1046720— 

.0000160— .0348995 = .0697565. 

To fiH up the sines of the minutes» it must be observe 
ed, that the arc or sine of one minute being .0002909^ its 
versed sine is \ (.0002909)^ =.000000042308. Henoc» 
if A denpte tl)e number of degrees in an arc, and « 
the additiQQfil minutes, then m ( A + *) s: Ssm A -»-^ 
2$m A{i(k* X ,000,OOOb04S308)~Mt ( A-hh). Thus, in the 
equidi£Perent arcs of 34'' 89'» 35% and 35'' 21', the sine of 
tbetotter ;ia^iialtoia41&a8(l---441 x .000000048808>— 

.56a$6a9s^.&78aa96. 

j^Jtol .tb<» siaes hai>« been calculated yp to 60% the rest 
are obtained by simple addition. Thus, mn 61° = «t» 59** 
+Miil<'ss.85T163+.0I74524=.8746197. 
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Versed sines and supplementary vensed sinca are only 
the differences and sums of the radius and the sines. 

Tangents are derived from the analogy, cosK : sitiK : : 
R : ton A. Thus,c(»42'' : «iVi42'' : : R : toi 42% or .743 1448 ? 
.6691306 : : 1 : .9004040. Beyond 45'', the computation 
is simplified, the tangent of an arc being the reciprocal of 
its cotangent. 

The secants are merely the reciprocals of the cosines^ 
and may be dispensed with in practice. 

From the lower tangents and secants, the tangents of 
arcs exceeding 45° are most easily derived, since it may be 
shown that to}(A+45'')=«ec2A+^an2A. Thus, tan 46'' 
—sec2''+tan2''y or 1.0355303= 1.0006095+.0349208. 

An elegant method of calculating approximate sines 
corresponding to any division of the quadrant, may be 
derived from the principles already stated : For the suc- 
cessive differences of the sines of the arcs A — B, A, 
and A + B, are sinK — ^»(A — B), and «tn(A+B} — ««A ; 
and consequently the difference between these again, 
or the second difference of the sines, is «»ii(A + B) + 
«Mi(A — B) — 2 sinK = — 2ver8B sinA. The second 
differences of the progressive sines are hence subtrac- 
tive, and proportional to the sinies themselves. Where- 
fore the sines may be deduced from their second dif- 
ferences, by reversing the usual process of formation, and 
recompounding their separate elements. Thus, the sines 
of A — B and A being already known, their second and 
di^scending difference, as it is thus derived from the sine 
of A, will combine to form the succeeding sine of A+B, 
which is — 2versB sinA + {sinA — ^in (A — B)) + sinA. 
It only remains then, to determine, in any trigonometri- 
cal system, the constant multiplier of the sine, or twice 
the versed sine of the component arc. 

This very simple computation is admirably adapted to 
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the decimal scale of numeration, and the nautical division 
of the circle. Suppose a quadrant to contain 16: equal 
parts, or half points of the fnariner's compcus ; the length 



28 1 
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of each arc, the radius being unit, is nearly =--^ ^ fTo* 
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and consequently twice its versed sine is (|-n.)S or, id 
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round numbers, —-. It will be sufficiently accuk'ate,' 

xU«S 

t 

therefore, to employ 100 for the constant divisor. The 
sine of the first arc or half point being likewise expressed 
by 100, let the nearer integral quotients be always re- 
tained, and the sine of the whole quadrant, or the radius, 
itself, will come out exactly 1000. The first term being , 
divided by 100 gives 1 for the second difference, which sfub^ 
tracted from 100, leaves 99 for the first difference, and this, 
joined to 100, forms the second term. Again, dividiiig 
199 by 100, the quotient 2 is the second difference, wbiqh» 
taken from 99, leaves 97 for the first difference, and this 
added to 199, gives the third term. In like manner, the 
rest of the terms are found, as in the following table. 



Half 
points. 



1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
U 
16 
16 



Arcs. 



5° 37i' 

11 15 

16 52| 

22 30 

28 7^ 

33 45 

39 22| 

46 00 

50 37^ 

56 15 

61 52^ 

67 30 

73 7i 

78 45 

84 22i 

90 00 



Sines. 



IstDiff. 



100 
199 
296 
390 
480 
565 
644 
717 
783 
841 
891 
932 
964 
986 
998 
1000 



99 
97 
94 
90 
85 
79 
73 
66 
58 
50 
41 
32 
22 
12 
2 



2dDifr. 



1 
2 
3 

4 

5 

6 

6 

7 

8 

8 

9 

9 

10 

10 

10 



Excess. 


Correct 
Sines. 


3 


97 


4 


195 


5 


291 


6 


384 


7 


473 


8 


557 


9 


635 


10 


707 


9 


774 


8 


833 


7 


884 


6 


926 


5 


959 


4 


982 


3 


995 
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The eri'ors occasiohed by neglecting the fractioaft ac- 
cumulate at first, but afterwards gradually diminish, from 
the eflfect of compensation. The greatest deviation takes 
plaoe, as might be expected, at the middle arc, vhose 
sine is 707 instead of 717. Reckoning the error in ex- 
cefs as limited by 10, and declining uniformly on each 
side, the correct sines are finally deduced. The numbers 
thus obtained seldom differ, by the thousandth part, from 
the truth, and are hence far more accurate than the prac- 
tice of navigation ever requires. 

This simple and expeditious mode of forming the sines 
ifi^ not merely an object of curiosity, but may be deemed 
of very considerable importance, since it will enable ithe 
mariner, altogether independent of the aid of book^ to the 
lo^ of which he is often exposed by the hazards of the 
sea^ to construct a table of departure mA dijferenoe qf 
kttUudey stif&dendy accurate for every real pur)[>ose« 



1 1 
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PROP. I. THEOR. 

In t right angled triangle, the radius is to the 
sine of an oblique angle, as the hypotenuse to the op- 
posite side« 

Let the triangle ABC be right angled at B; then 
R : ^CAB : : AC : CB. 

For, in the base AB, assume AR equal to the given 
or tabular radius, describe 
the arc RD, and let fall the 
perpendicular RS. The tri- 
angles ARS and ACB are 
evidently similar, and diere- 
fore AR : RS : : AC : CB. 
Bu^ AR being the radius, -^ 
RS is the sine of the arc RD which measures the angle 
RAD or CAB ; and consequently R : sinA : : AC : CB. 

Cor. Hence the radius is to the cosine of an angle, as 
the hypotenuse to the adjacent side ; for R : $inC or cot A 
::AC:AB. 




PROP. 11. THEOJl, 

In a right angled triangle^ the radius is to the 
4;ia(ngent of an oblique angle, as the adjacent tide to 
the opposite side, 

Let the triangle ABC be right angled at B; thcH 
R : ImBAC : : AB : BC. 
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For, assaming AR as before equal to the given radius, 
describe the arc RD, and erect 
the perpendicular RT. The 
triangles ART and ABC being 
similar, AR: RT : : AB: BC. 
Btit, AR being the radius, RT 
is the tangent of the arc RD 
which measures the angle at A; 
and therefore R : tanA : : AB : 

Car. Hence the radius is to the secant of an angle, as 
the adjacent side to the hypotenuse. For AT is the. se- 
cant of the arc RD, or of the angle at A; and, from simi* 
lar triangles, AR : AT : : AB : AC* 




PROP. III. THEOR. 



The sides of any triangle are as the sines of their 
opposite angles. 

In the triangle ABC, the side AB is to BC, as the sine 
of the angle at C to the sine of that at A. 

For let a circle be described about the triangle ; and the 
sides AB and BC, being chords 
of the intercepted arcs or of the 
angles at the centre, are equal to 
twice the sines of the halves of 
those "anglies, or the angles ACB 
and GABiat'tbe circumfer^ce. 
But, of the same angles, the 
chords or sines are proportional 
tf^ (he radium ; and consequently ^B : BC : : sinC : ^nA. 
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• Cor* Since t^e straight lines AB and BC are chords^ 
not only of the arcs AB and BC, but of the arcs ACB and 
BAG) or the defects of the fomer from the circumferctibey 
it follows that the sides of the triangleare proportionallikttf 
wise to the sin&s of half these compound arcs, or to the 
sines of the supplements of their oi4>osite' angles. . ' ' 

■ ' ■ ■ .' 

PROP. IV. THEOR. 



In any triangle, the sum of two sides is to tl)u^ 
difference, as the tangent of half the sum of the 
angles at the base, to the tangent of half their diflfer- 
ence. 

In the triangle ABC, 

AB+AC : AB— AC : : tan^^ - ^^i^^- 

From the vertex A, with a distance equal to the greats 
er side AB, describe the semicircle FBD, meeting ;th(b 
other side AC extended both ways to F and D, join BD 
and BF, and produce the latter to meet a straight line 
DE drawn parallel to CB. 

Because the isosceles 
triangle DAB, has the 
same vertical angle with 
the proposed tiriailgle 
.CAB, each of its remain- 
ing angles ADB and 
ABD is equal to half the sum of the angles ACB and 
ABC ; and therefore the defect of ABC from that mean, 
that is the angle CBD, or its alternate angle BDE, must 
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be cqttal to hatf tbediflferfaioe of tbose an^es. Now FBD 

being a tight angles BF add BE ane tangents of the angles 

BDF and BDE^ to Ibe jradtvia DB| and henee ar^ jiro- 

portional to the tangiMs of those mt^ea with any other 

fUditts. Bttt sinoe CB and D£ .are parallel^ CF or 

AB+ AC t CD cor AB^AG : : BF t B£; comoiuendy 

AH . An AH An ^_ACB+ACB ^ ACB— ABC 
AB+ AC: AB — AC: : tan ^ : tan 5 9 

or AB+AC : AB~AC : : cetiA : cot(B+iA\ or 

— cof(C+iA-) 

Cor. Suppose another triangle abc to have the sides ab 
and ac equal to AB dnd AC, but containing a 

right angle: It is obvious that tan q • ^^ -5- 

, ACB+ABC ^ ACB— ABC 
: : tan ^ : tan 5 y or 

- - .— *. ■. "' • • . f ; • • 

that is, ^' t' 

a : tan(4&^ zi coi^ A r oo^B+|A)^ off'^-a)l(CffiiA)- 
Kowy in the t%kt angled triu^ oAc^. the. baae iifr^Mr AB^ 
ti io the ptrpendicnhur oc^ or ACy iaa the i^ids^ to* Ike 
tangent^f theai^le atfr« : 

This solution, by a double analogy, is the best adapt- 
ed for logarithmic calculation. . : y 

The tables computed by 6aus3,'of the logarithms of the 
sums and differences of numbers, rendeti howeveff the 
first solution likewise very convenient* . 




t 
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PROP. V. THEOR. 



In any triangley as twice the rectangle under two 
sides, is to the difference between their squares and 
the sqoare of the base^ so is the radius to the co&dne 
of the contained angle. 




In the triangle ABC, 2AB.AC : AB»+AC*— BC^: : 
R : coiBAC ; the angle BAG being acute or obttise, 
according as BG* is less or 
greater than AB*+AG*. 

For let fall theperpendica*^ 
larBD. In the right angled 
triangle ADB, AB : AD : : 
R : «tnABD or cosBAC ; con- 
sequently, by taking like mul- 
tiples, 2ARAG : 2AD.AG 
: : R : owBAG. But twice the 
rectangle under AD and AC 
is equal to the difference of 
the squares AB and AC from 
the square of BC. Whence 2ARAG: AB»+AG*— ] 
: : R : cosBAC. 

Cor. The radius being denoted by unit, it follows that 
AB*+AC*— BG*=2AB.AC.co«BAC, and consequently 
BG» = AB* + AC* — 2AB.AC co9 BAG, or BG = 
V ( AB» + AC*— 2AB. AC coiBAG)/ 
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PROP. VL THBOR. 



// In aiiT: triangle, as the rectangle under two sides 
iWilo the fectaa^ei under the excesses of th0 semi- 
perimeter abowj those! sides, 3Q k the square of the 
radius, to the square of the . $ine of half : their con- 
tained angle. 



'* J 



mT: 



.|pt|iej triangle ABjC,' the p^ripiet€|?r ^^jng^^ jiHj depot^ 
by P, AB.BC : (JP— AB) (iP— BQ) : ; E* i8miB\ 

For, the same construction being retailed, in Jthe right- 
angled triangles BIE and BGD, BE : IE : : R : m^B, 

andBDiGD:: R:^B( 
whence BE.BD : IE.GD : : R* : JwijB*. 

But it has been proved 
that BKBD = AB.BC, or 
the rectangle under the con- 
taining sides of the trian- : 
gle; andIE.GD=ALAG, 
or the rectangle under the 
excesses of the semiperi- 
meter above the sides AB I 
and BC. Wherefore the 
proposition is estaU jisb-. , 
ep. ^ ' 




• ' t 



..■«•■'.... ' . . - 

This proposition mig^t be superseded in practice by the 

preceding ; but it is more compact, and better fitted for the 

calculation by logarithms. 
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• 

The six preceding theorems contain the elements of 
trigonometrical calculation. A triangle has only five va- 
riable parts — ^the three sides and two angles, the remain- 
ing angle being merely supplemental. Now, it is a gene- 
ral principle, that, three of those parts being given, the 
rest may be thence determined. But the right-angled tri- 
angle has necessarily one known angle ; and, consequently, 
the opposite side is deducible from the containing sides. In 
right-angled triangles, therefore, the number of parts is 
reduced to four, any two of which being the assigned, the 
others may be found. 

PROP. VII. PROB. 

• • • 

• * • - • • . 

- - ! • ' 

Two variable parts of a ri^t-angled jEriangle being 
given, to find the rest. ! j ' 

This problem' divides itself into four distinct (case^, ac- 
cording to the different combination of the data; 

1. When the hypotenuse and a side tire given. 

2. When the tioo sides containing the rigM angle one given. 

r 

3. When the hypotenuse and an angle are given. 

4. When either of the sides and an angle afe given. 

The first and third cases are solved by the appliciitioti 
of Proposition I. and the second and fourth cases receive 
their solution from Proposition II. It may be proper, 
however, to exhibit the several analogies in a tabular 
form. 

M 
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J 


Given. 


«1 

■a. 

1 


SOLUTION. 


I. 


AC, 
AB, 


A, or C, 
BC, 


AC : AB : : R : WnC, or cos A. 
R : sinA : : AC : BC. 


II. 


AB, 
BC, 


A, or C, 
AC, 


AB : BC : : R s tanA, or cot C. 
cos A : R : : AB : AC. 


m. 


AC, 

A, 


AB, 
BC, 


R : cos A : : AC : AB. 
R : sinA : : AC : BC. 


IV. 


AB, 
A, 


BC, 
AC, 


R : tan A : t AB : BC. 
cos A : R : : AB : AC. 



In the first m4 «6con4 ca$^«9 BC or AC ipight also be 
deduced from Elementary Geometry. 

For AC»5»AB*+BC% or AC;5i V(AB*+BC*), 
and BC*=AC*— AB'=(AC+AB) (AC— AB), 
or BC= V(AC+ AB) (AC--AB). 

Car. Hence the first case admits of a simple approxi- 
mation. FoiTf it appef^r39 thatf AC being made the radius, 
2AC+ AB is to SAC, as the side BC is to the arc which 
measure its opposite angle CABi or alterni^tely 2 AC Hh AC 
is to BC, as SAC to the arq corresponding tx> BC. But 
it may be shewn that the radius is eqyal to mi arc of 



O I it M 



57 17 44 48, or 57f nearly; wherefore SAC is to the arc 
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which corresponds to BC, as 3 X 57^ or 172% to the 
number of degrees contained in the angle CAB, and con- 
sequently 2AC+ AB : BC: : 172° : the expression of the 
angle at A, or AC + JAB : BC : : 86° : number of de- 
grees in the angle at A. 

This approximation will be the more correct, when the 
side opposite to the required angle becomes small in com-» 
parison with the hypotenuse ; but the quantity of error in 
any case can never amount to 4 minutes. 



PROP. VIII. PROS. 

Three variabte parts of an oblique angled tfiangle 
being given, to find the other two. 

This general problem includes three distinct cases^ otiei 
of which again is branched into two iiubordibate divisioDs4 



1. When aU the tiree sides an pivtn^ 

2. iVken Mo sides and an angle are given ; which angle 
may either (1.) be eqtdained by these sides^ vt (2.) subtended 
tyoneofihem. 

3. When a side and two of the angles are given. 

The first case receives two different solutions^ derived 
from Propositions V. and VI. which bav« tb«ir re^sectlve 
adv^antages. The second case» consisting of two branches, 
is resolved by the application of Propositions III. and IV. ; 
and the resolution of the third case flows immediately frooi 
the former of these propositions, 

M2 
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6 



c 

► 

• ••4 

o 



•S) 



SOLUTION. 



I. 



AB, 
BC, 

and 

AC. 



B. 



AB . BC : (iP-AB) (iP-BC) : : R* -. siniB* 
iP( JP-AC) : (|P-AB) (iP-BC) : : R* • tan\B' 

AB . BC : iP ( JP-AC) : : i2' : CO^B* 

2AB . BC : AB* + BC» -AC* : : 12 : cosB. 



n. 



AB, 
BC, 

and 

c. 



A. 

and 

AC. 






AB : BC : 

sinC : sinB 



: stnC : sinA ; whence B, and 
: AB : AC 



2 



AB, 
BC, 

and 

B. 



1 



A, 

or 

c, 

and 

AC. 



AB+BC : AB-BC » : coiiB - co<( A+JB), 

or-.cof(C+iB. 

JAB : BC : : jR: ton /^ ; and 
\ R : to«(46°-^) : : coi^B ' «><(A+ JB), 

or-ca/(C+iB). 

sinK : sinB ^ - BC : ACy or ^ 

AC=^ ( AB« + BC»— 2AB.BC cosB.} 



m. 



AB, 

A, 
B, 

and 
tbence 

c. 



BC, 
AC. 



sinC : sinA : : AB : BC. 
9inC ' stnB - - AB : AC. 



I 
2 
8 

4 

5 

6 



8 



9 
10 



11 

12 



For the resolution of the first Case, the analogy set 
down first, is on the whole the most convenient, particu- 
larly if the angle sought should not be very obtuse. The 
second analogy may be applied with obvious advantage 
through the entire extent of angles. The third and fourth 
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analogies, especially the latter, are not adapted for the 
calculation of very acute angles ; they will, however, an- 
swer the best when the angle sought is obtuse. It is to be 
observed, that the cosines of an angle and of its supple- 
ment are the same, only placed in opposite directions ; 
and hence the second term of the analogy, or the differ- 
ence of AB* + BC* from AC*, is in excess or defect, ac- 
cording as the angle at B is acute or obtuse. These re- 
marks are founded on the unequal variation of the sine and 
tangent, corresponding to the uniform increase of an arc. 

The first part of Case II. is ambiguous, for an arc and 
its supplement have the same sine. This ambiguity, how- 
ever, is removed if the character of the triangle, as acute 
or obtuse, be previously known. 

For the solution of the second part of Case II. the first 
analogy is the most usual, but the double analogy is the 
best adapted for logarithms. In astronomy, this mode of 
calculation is particularly commodious. The direct ex- 
pression for the side subtending the given angle is very 
convenient, where logarithms are not employed. 

PROP. IX. PROB, 

Given the horizontal distance of an object and its 
angle of elevation, to find its height and absolute 
distance. 

Let the angle ABC, which an object A makes at the 
station B with an horizontal line, and also the distance BC 
of the perpendicular AC, to find 
that perpendicular, and the hy- 
potenusal or aerial distance BA. 

In the right angled triangle 
BCA, the radius is to the tan- 
gent of the ^nglc at B, as BC to AC ; and the radius is 
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to the secwt of the angle at B, or the cosine of th^ axi|^ 
at B 18 to the radios^ as BC to AB. 



PROP- X. PROB. 

Given the acclivity of a line, to find its correspond- 
ing vertical and horizontal lengths. 

In the preceding figare, the angle CBA and Ae hypo- 
tenusal distance BA being given^ to find the beiglit ^C 
aflid the borisontal distance BC of the extremity A. 

The triangle BCA being right angled, the radius is to 
the sine of the angle CBA as BA to AQ and the radius 
is to the cosine of CBA as BA to BC 

If the acctivky be snail, and A denote the measure of 

A 

that angle in minutes; then ACsBAXgjgx nearly. 

In most cases when CAB is a small angle, the koriaontal 
distance may be computed with sufficient exactness, by de* 

AC* 

ducting p > from the hypotenusal distance. 



PROP. XL THEOR. 

Given the interval between two stations, and the 
direction of an object viewed from them, to find its 
distance from each. 

Let BC be given, with the angles ABC and ACB, to 
calculate AB and AC. 
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In the triangle CBA, the angles ABC 
and ACB being given, the remaining or 
supplemental angle BAC is thence given ; 
and consequently, sinBAC\ «mACB : : BC 
: AB, and «mBAC : «t»ABC : : BC : AC. 




PROP. XII. PROB. 

Given the distances of two objects from any station 
and the angle which they subtend, to find their mu- 
tual distance. 




Let AC, BC, and the angle ACB be 
given, to determine AB. 

In the triangle ABC, since two sides 
and their contained angle are given, 
therefore AC + BC : AC— BC : : 
ceiiC: co^A+^C), then sinA : $mC: : 

BC : AB ; or AB = V(AC» + BC* 
— 2AC.BC. cosC.) 

Cor. By combining this with the preceding proposition, 
the distance of an object may be found firom two stations^ 
between which the communication is in- 
terrupted. Thus, let A be visible from 
B and C, though the straight line BC 
cannot be traced. Assume a third sta- 
tion D, from which B and C are both 
seen. Measure DB and DC, and ob- 
serve the angles BDC, ABC and ACB. 
In the triangle BDC, the base BC is 
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fo.und as above ; and thence, by the preceding proposition, 
the sides AB and AC of the triangle ABC are determined- 

PROP. XIII. PROB, 

\ 

Given the interval between two stations, and the 
directions of two remote objects viewed from them in 
the same plane, to find the mutual distance, and re- 
lative position of those objects. 

Let the points A, B represent the two objects, and C, 
D the two stations from which these are observed ; the in- . 
terval or base CD being measured, and also the angles 
CDA, CDB at the first station, and DCA, DCB at the 
second ; it is thence required to determine the transverse 
distance AB, and its direction. 

It is obvious that each of the points A and B would be 
assigned geometrically by the intersection of two straight 
lines, and consequently that the position of the objects will 
not be determined, unless each of them appears in adiffe*. 
rent direction at the isuccessive stations. ... 

1. Suppi>se one.qf the stations C to lie m the direction ^qf 
the two olffects, 4jjtfui. Bp 

At C observe the angle BCD, and at 
D the angles CDA and BDC. Then 
by Prop. IX. sinCAD : sinCDA : : CD : 
CA, and sinCBD : sinCUB : : CD : 
CB ; the difference or sum of CA and 
CB is AB, the distance sought. 
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2. fVhen neither station lies in the direction of the two 
dbjects^ and the base CD has a transverse position. 

Find the distances AC and BC of both objects from one 
of the stations C ; then, the 
contained angle ACB, or the 
excess of DCA above DCB, 
being likewise given, the 
angles at the base AB of the 
triangle BCA, and the base 
itself, may be calculated. 
For AC+BC : AC— BC : : 
cot^ACB : car(iACB+CAB), 
and thus the angle CAB is found. Or move convenient^ 
by two successive operations, AC : 3C : : JR : tanb, andr. 
R : ton(45^— J) : : co^JACB : co^iACB+CAE) Now^> 
sinCAB : sinACB : : BC : AB, or AB= ^^(AC'+BC* 
— 2AC.BC co«ACB). 

The inclination of AB to CD in the first case is ^ven- 
by observation, and in the. second case it is evidently the < 
supplement of the interior angles CAB and DCA. . Apa^ 
rallel to AB may hence be drawn from either station. 

Cor. Hence the converse of this problem is readily sol- 
ved. Suppose two remote objects A and B, of which the 
mutual distance is already kn6Wh,-are bbserved from the 
stations C and D, and it were thence required to deter- 
mine the interval CD. Assume unit to denote CD, and 
calculate AB according to the same scale of measures | 
the actual. distance AB being then divided by. that resol^ 
will give CD : For the several triangles which combine 
to form the quadrilateral figure CABD, are evidently gi- 
ven in species. 
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PROP. XrV. PROB. 

Given the directions of two inaccessible objects, 
viewed in the same plane from two given statioiiSy 
to trace the extension of the straight line connecting 
them. 

Let the angles ACD, BCD be observed at Q and 
ADC, BDC at D, with the base CD ; to find a point E 
in the straight line ABF produced through A and B. 

By the last proposition, find 
AD and the angle DAB, and 
asstnne any angle ADE. In 
th6 triangle DAE, tfae angles 
at the base AD, and conse- 
quently the vertical angle 
AEIX bemg knowtf, it fol- 
lows, that ^/nAED : sinEAD : : AD : DE. Wherefore^ 
nieasnre out DE on the ground, and its extremity E wBl 
mark' the extension of AB. 




PROP. XV. PROB. 

• ' . * ■ 

i'The iiduti!Hii diBtafnees of three remote objects be* 
ing gfveii, with the angles which they subtend at a 
stetion m the santne plane, to find the relative place 
of that statibn. 

Let the three points A, B, and C, and the angles ADB 
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and BDC which tbey form at a fourth point D, be given ; 
to determine the position of that point. 

1. Suppose the station D to be situate in the direction of 
two ofihe objects A, C. 

All the sides AB, AC and EC of the triangle ABC be- 
ing given, the angle BAC is 3 
found by Case I. ; and in the 
triangle ABD, the side AB with 
the angles at A and D being 
given, the side AD is found by 
Case IIL, and consequently the 
position of the point D is determined. 

2. Suppose the three obfeets Ay B ami CtmUe in the atom 
direction. 

Describe a circle about die extrene objects A, C and 
the station D, join DA, DB and DC, produce DB to 
meet the circumference in E^ and join A£ and CE. 

In the triangle AEC| the side AC is given^ and the Wr 
gles EAC and ECA« being equal to CDEand AD£| Me 
consequently given ; wherefore the side AE is found by 
Case IIL The triangle AEB, having thua the sidesb 
AE, AB^ and their contained an^e £AB or BDC givtt^ 
the angle ABE, and its supple- 
ment ABD are found by Case IL 
Lastly, in the triangle ABD, 
the angles ABD and AD^ 
with the side AB, are given; 
whence BDis found by Case III. 
But since the angle ABD and 
the distance DB are assigned, 
the position of the station D is evidently determined^ 
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lie either tvithout or within, it. 

... • . , 

Through D and the extreme points A and C describe a 
circle, draw DB cutting the circumference in E, and join 
AEandCK 

1. In the triangle AEC, the side AC, and the angles 
ACE and CAE, which are equal to ADB and EDO, be- 
ing given, the side AE is found by Case III. 

2. All the sides of the trian- 
gle ABC being given, the angle 
CAB is found by Case I. 

3. In the triangle BAE, the 
sides AB and AE are given, and 
their cdntain^d angle EAB, or 
the difference of CAE and CAB, 
are given, whence, by Case II., 
th^an^le ABEdi- ABD isibuhd. 
^••4. Lastly, iii the triangle • 
DAB,- the side AB and tlie BXiAts ABD aiid ADB being 
giVfeti;* the- iside AD or BD is found by Case III., and con- 
se^UeMfythe'position of the point D with respect to A and 
B IS d^et*minlea. By a lilc^ process, the relative position 
df'D dli'd e is d^dncfedr^'CD may be cJalcuUted by 
CBse^Il^fii]lnS tfee sidfes ACi AD, ^^^ the angle ADC, 
are given in the triangle CAD; - '-■ 




ir . t -» 






It is obvious that the calculation will failj if the points ^ 
and E should happen to co^cide. Jn fact, the circle th^n 
passing through B, any point D. whatever in the opposite 
arc ADC will answer the conditions required, since the 
angle ADB and BDC, being now in the same segment 
must jcem^n unaltered. : , 
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In all the foregoing problems, the angles on the ground 
are supposed to be taken by means of a theodolite ; which, 
being adjusted by means of spirit-levels, measures only 
horizontal and vertical angles, or decomposes other angles 
into these elements. If the sextaM or the repeating cirde 
be employed for the same purpose, such angles, when 
oblique, must be reduced by calculation to their projecr 
tions on the horizontal plane. . . 

In surveying an extensive country, a base is first care* 
fully measured ; and the directions of the prominent dis- 
tant objects being observed from both of its extremitiis% 
they are all connected with it by a series of triangles. To 
avoid, in practice,' the multiplication of errors, these: trian- 
gles should be chosen, as nearly as possible, equilatisraL 
After a similar method, large estates are the most cor^^ 
rectly planned and measured ;. the ordinary practice. itiSf 
carrying the theodolite with a cham merely, round the ex- 
treme boundary being subject to much; inaccuracy* . . : * . 

If the inequality of the surfiice-of the ground will qot 
admit of the measurement of a base of a sufficient length, 
a smaller one may be selected at first, and another bast 
derived from this, by combinmg with it one or, more tri^ 
angles*. These triangles, to preclude the multipliication'Of 
errors, should be as nearly as possible right-angled, and si* 
milar, having their sides increasing in a continued propiMTk 
tion. When this rate of increase is not less than the raf 
tio of the radius to the side of an inscribed equilateral tri- 
angle, the number of intermediate triangles between the 
measured and the cpmputed base may be shown to be ra- 
ther favourable, on the whole, to the accuracy of the re- 
sult. ;■■ - 

The vertical angles employed in the mensuration of 



heights, since they sre estimated from the varying direc- 
tion of the level or the piampiet^ must evidently^ when 
the stations are distant^ require some correction. Let 
the points A and B r^Mreeent two nemote objects, and C 
their centre of gravitation ; with the radius C A describe a 
circle, draw CB cutting the drcamference in D and E, and 
join £A and AD. The converging lines AC and BC will 
indicate the direction of the plommet at A and B^ the in* 
tercepted arc AD will trace the contonr of a quiescent flaid, 
and the tangent AZ, being ap«- 
plied to A, wiU mark the Ime 
orthehprizGn seen from that 
station. Wherefore the ver* 
tical angle of the remote ob- 
ject B, as observed at A, is only 
ZAB, which is less than the 
true angleDAB, by theexterior 
angle DAZ. BiitDAZ being 
equaL to the angle AEDin the ^ 

alternate sqfmcnt, is eqaalto half the angle ACD at the 
centre. . Hence the true vertical ang^ at any station will 
be' found, by adding to the (observed angle half tbe mea* 
sure of the intercepted are ; and thia measure depending 
on the curvature of the earth, which is neitbeff uatferm 
nor quite regcdar, must be deducedt fiur efich particular 
{diacej from the length of the corresponding debtee oCla^ 
titade. .•:-- r * • 

fSueh nicety, however, is very sieldom required* In will 
be sufficiency accurate in praotioc^to assume the BMan 
quanlutiea, and to consider the earth aa a globe, whose oir*- 
cumference is 24, 856 English miles, and its diameter 7,918. 
.The are of a minutis on the meridian being, tbeiDefiare, equal 
to 6076 feet, the correction to be added to the observed 
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vertical angle must amount to one second, for every 69 
yards contained in the intervening distance. 

The quantity of depression ZD below the horizon is 
hence easily computed ; for AZ' = EZ.ZD, or very nearly 
ED.ZD; and, consequently, since the diameter ED is 
constant, the visual depression of an object is proportional 
to the square of its distance AZ from the observer. 
In the space of one mile, this depression will amount to 
tIt 7 P^i*^ of A foot; and generally, therefore, it may be 
expressed in feet, by two-thirds of the square of the dis- 
tance in miles. Thus, at the distance of twenty miles, 
the depression is 266f feet ; and at that of fifty miles, it 
amounts to 1666|, or nearly the third of a mile. 

But the effect of the earth's curvature is modified by an- 
other cause, arising from optical deception. An object is 
never seen by us in its true position, but in the direction of 
the ray of light which conveys the impression. Now the 
luminous particles, in traversing the atmosphere, are, by 
the force of superior attraction, refracted or bent conti- 
nually towards the perpendicular, as they penetrate the 
lower and denser layers ; and consequently they describe 
a curved track, of which the last portion, or its tangent, 
indicates the apparent elevation of a remote point. This 
trajectory, suffering almost a regular inflextion, may be 
considered as very nearly an arc of a circle, which has 
for its radius six times the radius of our globe. Hence, to 
correct the error occasioned by refraction, it will only be 
requisite to diminish the effects of the earth's curvature 
by one-sixth part, or to deduct, from the vertical angles, 
the twelfth part of the measure of the intervening terres- 
trial arc. The quantity of horizontal refraction, however, 
as it depends on the density of the air at the surface, is ex- 
tremely variable, especially in our unsteady climate. 
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NOTES AND ILLUSTRATIONS. 



INTRODUCTION. 



The doctrine of proportion has given rise to much contro* 
versy. In their mode of treating that important subject, Mathe-* 
maticians have differed very widely ; some rejecting the procedure of 
Euclid as circuitous and embarrassed, while others appear disposed to 
extol it as one of the happiest and most elaborate monuments of hu* 
man ingenuity. But, to view the matter in its true light, we should 
endeavour previously to dispel that mist which has so long obscured 
our vision. The Fifth Book of Euclid, in its original form, is not 
found to answer the purpose of actual instruction ; and this re- 
markable and indisputed fact might alone excite suspicion of its 
intrinsic excellence. The great object which the framer of the 
Elements had proposed to himself, by adopting such an ailificial 
definition of proportion, was to obviate the difficulties arising from 
the consideration of incommensurable quantities. Und^r the shel- 
ter of a certain indefinitude of principle, he has contrived rather to 
evade those difficulties than fairly to meet them. Through the 
whole contexture of the Elements, we may discern the influence 
of that mysticism which prevailed in the Platonic school ; and the 
language used in the Fifth Book might often seem to imply, that 
JReUios are not mere conceptions of the mind, but have a real and 
substantial essence. 

The notion of proportkmality neeeflsarily involves the idea of 
number ; and the doctrine of proportion hence constitutes a Inraneh 
of universal arithmetic. The properties themselves are extremely 

N 
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simple, and may be regarded as only the exposition of the same 
principle under different aspects. The various transformations of 
analogies resemble exactly the changes effected in the reduction of 
equations in Algebra. 

It b very unfortunate that, from the poverty of language, and 
the slow progress of science, the terms used in common life, though 
unavoidably deficient in precision, were adopted into Geometry. 
But the vagueness of expression is nowhere more apparent than in 
the doctrine of Proportion.—- Thus, the words denoting time are, in 
most dialects, blended with those which signify number. To ex- 
press how often a part is contained in a whole, we intimate how 
many war/s it is to be placed, how many f oldings are required, or 
how many times the operation of admeasurement mvst be repeated. 
In the Greek and Latin longui^es, the adverbs compounded from 
plica, a foldf are very extensive. In English, the eorresponding 
terms are limited, and obviously mark their composition : for du* 
pkxy triplex, guadruplex, we have double, triple or quadruphy 
twofold, ^reefold, or fourfold. But our application of the w(»tl 
'way is still more confined : we have Only twice and tkrice, or two 
ways and three ways. When we seek to go farther, we are abso- 
lutely obliged to borrow the word time ; Xhxis, we say that one 
number is four or five /ime9 greater than another ; or that it wonkl 
require the addition of the part so often, to form the whole; 

In Proposition fifteenth, die numerical expression of the ratio 
A : B, may be deduced indirectly, from the series of qnotienta 
obtained in the operation for discovering ^ir common measure. 

Let A contain B, m times, with a remainder C ; B eentain C, 
n times, with a remainder D ; and, lastly, suppose C to contun D, 
p times, with a remainder E, a&d whioh is contained in D, g time, 
exactly. Then Rss^'E, C5=/]iD+ E, B=nC+D, snd A=«iB+ C, 
whence the teims D, C, B, and A, are snoecssively eompnte^ as 
multiples of E ; A and B will therefore be found to eootalB £ 
tlieir common measure K and L times^ or the mnnerical exprtasion 
for the ratio of tbose quantities ia K : L. 
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But it is more convenient to derive the numerical ratio from 
the quotients of subdivision in their natural order ; and this method 
has besides the peculiar advantage of exhibiting a succession of ele- 
gant approximations. 

Nor is it requisite, in finding the ratio of A to B, to know the 
values of the successive remainders C, D, E, &c. Suppose the sub- 
division lo terminate at B ; then ArrtwB, and consequently A : B 
: : m 2 1. If the subdivision extend to C, then Aifein'C, and B=nC ; 
\thence A : B : : w' : «. In general, therefofe> the second tenkiy 
in the expressions for A and B, may be rejected, and the letter wWch 
precedes it conwdered as the ultimate measure, corresponding to- 
the arithmeticid unit. Hence, resfuming the substitutions, it ft>)<'' 
lows, that the ratio of A to B iWKy thtis be succe^tjifely repr fe8eht€«l ? 

1. m : i, 

2. mn-|- 1 : w, or 7W' : n. 

3. m^p-^m : wp4- II, or m'^ : n\ 

4. fn!*q-\'m' : w'^'+w, or m''' : w". 

&c. &c. &c. 

The formation of these numbers will evidently stop, when the 
corresponding subdivision terminates. But even though the suc- 
cessive decomposition should never terminate, as in the case of in- 
commensurable quantities, — ^yet the expressions thus obtained must 
constantly approach to the ratio of A : B, since they suppose only 
the omission of the remainder of the lafit division, which is per- 
petually diminishing. 

It may be worth while to select a remarkable exemplificaticm. 
Let it be required to express approximately the fractional portion 
of 24 hours, by which the solar year exceeds 365 days. This ex- 
cess, or 5 hours, 48 minutes, and 50 seconds, being reduced to 
seconds, makes 20930, while 24 hours give 86400. But the 
successive quotients corresponding to the ratio of 86400 to 20930 
are 4, 7, 1, 4, and 4, without pushing, the last division with rigour. 
Hence the approximate ratios are 4 : 1, 29 : 7, 33 : 8y 161 : 39, 
and 677 : 164. 

Some of diese numbers deserve attention. The ratio of 4 to I 
indicates the insertion of a day every four years, being the correc:. 

N 2 
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tion of the Kalendar by the bissextile or Leap year introduced by 
Julius Csesar. The ratio of 33 to 8 indicates a more correct inter- 
calation of 8 days in 33 years, a method adopted about six cen- 
turies ago by the Persian astronomers, who, after the lapse of seven 
ordinary leap years, always deferred the eighth return of the period 
one year later than usual. If to the products of 33 and 8 by 12, 
the terms 4> and 1 were added, the ratio of 400 to 97 would be 
found and nearly the same. This last represents the intercalation es- 
tablished by Pope Gregory XIII. in 1582. It. implies the insertion 
of 97 days in the space of 400 years ; which is performed by com- 
bining the Julian system with an omission of three intercalary day» 
in four centuries ; that is, the last year of each century, which hap- 
pens to be a leap year, is not considered as such, unless the num- 
ber of the century itself be divisible by four. 



BOOK I. 



DEFINITIONS. 



The term Surface conveys a very just idea, marking the ab" 
stract external aspect, or the mere expansion which a body presents 
to our sense of sight. Line originally signified a stroke ; and, in 
reference to the operation of writing, it expresses the boundary or 

* * * 

contour of a figure. A straight line has two radical properties 
which are distinctly marked in different languages. It holds the 
same undeviating course— and it traces the shortest distance be- 
tween its extreme points. 

The word Point in every latiguage means a matky thus indica* 
ting its essential character, of denoting position. 

The neatest and most comprehensive description a^BpoiniwsB 
given by Pythagoras, who defined it to be *' an atom having posi- 
tion.** Plato represents the constitution of a point, as adanumtiiief 
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alludiDg to the notion which then prevailed, that the diamond is ab- 
solutely indivisible. 

The just conception of an Angle is one of the most difficult in 
Elementary Geometry. The term corresponds, in most languages, 
to comer, and therefore exhibits a most imperfect picture of the 
object designed. The attempts of the ancients to define it were 
most vague and defective. Before Trigonometry was cultivated, 
no just idea indeed could be formed of angular magnitude. 



BOOK II. 



PROPOSITIONS. 



Proposition thirteenth. This proposition is of great use in 
practical geometry, since it enables us to divide a triangle, of which 
all the sides are given, into two right-angled triangles, by determi- 
ning the position, and consequently the length, of the perpendicular. 

Thus, suppose the base of the triangle to be 15, and the two 

sides 13 and 14: Then 15»+13*—14»= 225+ 169—196=198, 

which shows that the perpendicular fiedls within the triangle ; and 

198 

Q7r=:6.6, the segment adjacent to the short side, whence the per- 

pendicular=v^((13)»— (6.6)») = v^(169— *3.56) = 11.2. The 
area is therefore 15 X 5.6=84. 

Again, if the base were 10, and the sides 21 and 17 : Then 
21»—17»—10»=441— 289— 100=52, which indicates the per- 

52 

pendicular to ftdl beyond the base. Whence ^=2.6, the external 

segment; and v^(17»—2.6»)=v^(289— 6.76)= v^282.24= 16.8, 
which gives 84 for the area, the same as before, and a very remark- 
able coincidence of two triangles. 

Lastly, let the base be 9, and the two sides 17 and 10 : Then 
17*— 9*— 10' = 289— 81— 100=108, indicating that the perpen- 
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dicular falls without the bae'e. Wherefore, -75-= 6, the external 

lo 

segment, and v^(lO»— 6*)=zv^(100--86)=zv^64j=8, the perpen- 

9x8 
dicular ; which gives — ^—=36, for the ai'ea of the triangle. 

The same results are obtained by applying the twenty-first j^o- 
position. Thus, in the first example, the distance of the parpen- 

dicular from the middle of the base is — r-^r =.9, and therefore 

30 

the segments of the base are 8.4, and 6.6. In the second example, 

the distance of the perpendicular from the middle of the base is 

]7» io» 

r— — z= 10.5, and consequently the segments of the base are 15 

and 6. In the last example, the distance of the perpendicular from 

21* 17* 

the middle part of the base is '■=:76, and the segments of 

that base are hence 12.6 and 2.6. Hie length of the perpendicular 
and the area of the triangle are, in each case, therefore, eaiily de* 
duced from these data. 



Since rectangles correspond to numerical products, the proper- 
ties of the sections of lines are easily derived fro^i symbolical fuith-^ 
metic or algebra. 

1. In Prop. 5. let the two lines be denoted by (s and 6; then 
(a-|.^>)*=za»+5»-|.2a^. 

2. In Prop. 6. let the two lines be denoted by a and h / then 

3. In Prop. 7. let the two lines be denoted by a and h ; then 

4. In Prop. 15. \^ the whol^ line be denominated by a, and its 
gri^ter s^mepti by»^i then ;p*;=:a(a--^^), and x^-^-aasuza^i whence 

ybd*' a 
"^ ^:;=i±:a(v^| — J). Hence, if unit represent 

the whole line, the greater segment is .61803398428, &c. and th^ 
smaller segment .38196601572, &c. 
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From the corollary an extremely neat approximation is likewise 
obtained. Assuming the segments of the divided line to be at first 
equal, and each denoted by l^ the following successive numbers will 
result from a continued summation : 

1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, &c. 
which are thus composed, 

1+2=3, 2+3=5, 3+5=8, 5+8=13, 8+ 13=21, &c. 

These numbers form, therefore, the simplest recurring series. 

If the original line contained 144 equal parts, its greater segment 
would include 89, and its smaller s^ment 55 of these parts, very 
nearly ; but 55 X 144=7920, being only one less than 7921, the 
square of 89. 



BOOK III. 

1. Proposition eighth. Hence angles are sometimes measured 
by a circular instrument, from a point in the circumference, as well 
as from the centre. 

2. Proposition ninth. On this proposition depends the con* 
struction of amphitheatres ; for the visual magnitude of an object 
is measured by the angle which it subtends at the eye, and con- 
sequently the whole extent of the stage, the intermediate objects 
being purposely darkened or obscured, will be seen with equal 
advantage by every spectator seated in the same arc of a circle. 

3. Proposition eleventh. To erect a perpendicular, any point 
D is ti^en, as in Prop. 5. Book I., and from 

it a circle is described passing through C and 

B ; the diameter CDF, by its intersection at 

the point B, determines the position of the 

perpendicular BF. To let fall a perpendicular, 

draw to AB any straight line FC, which bisect 

in D, and from this point as a- centre describe a circle through the 

points C, B and F ; FB is the perpendicular required. 
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BOOK IV. 

1. The equilateral triangle, the square, the pentagon, the hex- 
agon, and other polygons derived from these, were the only regu- 
lar figures known to the Greeks. The inscription of all the rest 
Ikbs for ages been supposed absolutely to transcend the powers of 
Elemientary Geometry. But a curious and most unexpected disco- 
very was lately made by Mr Gauss, Professor of Astronomy in the 
University of Gottingen, who has demonstrated, in a work entitled 
Disquisitiones Arithmeticce, published at Brunswick in 1801, that 
certain very complex polygons can yet be described merely by the 
help of circles. Thus, a regular polygon containing 17, 257, 
65537, &c sides, is capable of being thus inscribed ; and in general, 
when the number of sides may be denoted by 2"-|- 1, and is at the 
same time a prime number. 



BOOK V. 

1. Proposition fourth. It will be proper here to notice the se- 
veral methods adopted in practice, for the minute subdivision of 
lines. The earliest of these — ^the diagonal «ca/e— depending im- 
mediately on the proposition in the text, is of the most extensive 
use, and constituted the first improvement of astronomical instru- 
ments. 

Thus, in the figure annexed, the extreme portion of the hori- 
zontal line is divided into ten equal parts, each of which again is 
virtually subdivided into ten secondary parts. The subdivision is- 
effected by means of diagonal lines, which decline from the perpen- 
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ilicular by intervals equal to tlie primary diTuioDB, and whicb are 
cat transversely into tCQ equal eegnients by eqaidistant parallela. 
Snppoeei for example, it were 
reqnired to find the length of 
2 and 38—100 parts of a divi- 
sion ; place one foot of the cotn- 
pa.ssea in the second vertical 
line at the eighth interval which 
is marked witfa a dot, and ex- 
tend tbe other loot, aloD^ the parallel, to the dot on the third dia- 
gonal. The distance between these dota may, however, expreaa 
indifferently 2.S8, 23.8, or 238, according to the assumed magni- 
tude of the primary unit. 

But the method of subdivision introduced by Vernier is sim- 
pler and more ingenioos. It is founded on the difference ti 
two approximating scaleS) one of which is moveable. Thns, if a 
space equal to n — I part on the limb of the instnunant be divided 
into n parts, these evidently will each of them be smaller than tbe 
former, by the nth part of a division. Wherefore, on shifting for- 
ward this attached scale, tbe quantity of aberration will diminish 
at each successive division) till a new coincidence obtains, and then 
the number of those divisions on that scale will mark theiractionti 
value of the displacement. 

Ilms in the annexed figure, nine divisions of the primary scale, 
forming ten equal parts on the attached or sliding scale, the move- 
able zero stands 

beyond the first |_f ■* . , ?. ^J-J-^ , ? , '--? 

interval between iiiT J^ 

tbe third and 

fourth division. To find thb minut« difference) observe where tbs 
opposite sections of tbe scales come to coincide, which occurs an> 
der the fourth division of the sliding scale, and therefore indicate! 
tbe quantity 1.34. 



2. Proposition nineteenth. This meet osefnl proposition in prac- 
tical geometry was known to the Greeks of Alexandria, and by 
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them communicated to the Arabians, but seems to hare been re- 
invented in Europe about the latter part of the fifteenth century. 

Suppose the sides of the general triangle to be 13, 14f, and 
15 ; then is the area = ^^(21.8.7.6) =:v^7056 = 84. If the sides 
were 21, 17 and 10, the area would be the same, for v^(24<.3.7.14) 
=V^7056=84. 

PLANE TRIGONOMETRY. 

1. In the demonstration of Proposition sixth, a reference should 
haye been made to the construction and similarity of the compo- 
^cnt triangles, proved in Prop. 19. Book V. 

2. The art of Surveying, in general, consists in determining 
the boimdaries of an extended surface. When performed in the 
completest manner, it ascertains the positions of all the prominent 
objects within the scope of observation, measures their mutual dis- 
tances and relative heights, and consequently defines the various 
contours which mark the surface. But the land-surveyor seldom 
urns at such minute and scrupulous accuracy ; his main object is 
to trace expeditiously the chief boundaries, and to compute the 
superficial contents of each field. In hilly grounds, however, it is 
not the absolute surface that is measured, but the diminished quan- 
tity which would result, had the whole been reduced to a horizon- 
tal plane. 

Land is surveyed either by means of the chain simply, or by 
combining this with a theodolite or some other angular instrument. 
The several fields are divided into large triangles, of which the 
sides are measured by the chain ; and if the exterior boundary hap- 
pens to be irregular, the perpendicular distance or offset is taken 
at each bending. The surface of the component triangles is then 
computed from their sides. In this method the triangles should 
be chosen as nearly equilateral as possible ; for if they be very 
oblique, the smallest error in the length of their sides will occa- 
sion a wide difference in the estimate of the surface. 

The Imperial chain is 22 yards, or 66 feet in length, and equi- 
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Talent to four poles ; it is hence the tenth part of a furlong, or the 
eightieth pait of a mile. The chain is divided into a hundred 
links, each occupying 7.92 inches. An acre contains ten square 
chains or 100,000 square links. A square mile, therefore, includes 
640 acres ; and this large measure is deemed sufficient, in rude and 
savage countries, where vast tracts of new land are allotted, hy 
merely running lines north and south, and intersecting these with 
perpendiculars, at each interval of a mile. 

The best method of surveying, if not always the most expedi- 
tious, undoubtedly is to cover the ground with a series of connect- 
ed triangles, planting the theodolite at each angular point, and 
computing from some base of considerable extent, which has been 
selected and measured with nice attention. The labour of trana- 
porting the instrument might also in many cases be abridged, by 
observing at any station the bearings at once of several signals. 
Since angles are measured more accurately than lines, it would be 
desirable that surveyors generally employed theodolites of a better 
construction, and trusted less to the aid of the chain. 

3. Levelling is a delicate and important branch of general 
surveying. It discovers the difference of altitude from a com- 
bined series of observations carried along an irregular surface^ the 
aggregate of the several descents being deducted from that of the 
ascents. For thb purpose, the staves are placed successively along 
the line of survey, at proper intervals according to the nature of the 
ground, not exceeding 400 yards, the levelling instrument being 
always planted nearly in the middle between them, and directed 
bpckwards to the first staff, and then forwards to the second. The 
final result of a series of operations, or the difference <^ altitude 
between the extreme stations, is found by collecting severally the 
measures of the back and fore observations, the excess of the latter 
above the former indicating the entire quantity of descent. 

To facilitate the calculations in levelling, the rods should be 
marked with feet, divided into tenths and hundredth parts, instead 
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of inches* In delicate operations likewise, the instrument shoulcl 
have a micrometer adapted to it, for measuring small vertical an- 
gles. By help of a powerful level so fitted, much tedious labour 
indeed might be spared. 

The micrometer either marks minutes and their subdivisions, 
by the motion of a parallel wire in the focus of the telescope ; or 
it consists in the simple insertion of a bar of mother of peai'l, by 
which the angle of a degree is distinguished into 50 equal parts. 
But an object at the distance of 3438 times its breadth subtends 
the angle of a minute ; or, at the distance of 2865 times the same, 
it occupies the 50th part of a degree. Hence, the measure of one 
minute, being multiplied by 3438, will give the distance ; and this 
again multiplied by the number of intercepted minutes will express 
the elevation or depression of the distant point. The correction 
for the effect of curvature modified by refraction, it is easily shown, 
will be found by squaring half the measure in feet of the angle of 
a minute. When the micrometer scale is used, the distance will 
be discovered by multiplying the measure corresponding to one part 
by 2865, and the square of that measure being divided by six will 
assign the correction due to curvature and refraction. 

Suppose, for example, a pole of 20 feet placed on a remote 
eminence subtended an angle of 2.5' and the bottom appeared 
devated 42' above the horizon. Dividing 20 by 2.5', gives 8 
feet for the measure of a minute. The distance was therefore 
8 X 3438=27504 feet ; the height was 8 X 42= 336 ; and the de- 
pression from curvature and refraction was the square of 4, the 
half of 8, or 16 feet. Whence the whole difference of level must 
have been 336 -f- 16=352. The same observations with the bar of 
mother of pearl would have been 2.1' and 35', from which data si- 
milar results would be obtained. 

The mode of levelling on a grand scale, or determining the 
heights of distant mountains, will receive illustration from oilr 
Trigonometrical Survey. Selecting the largest triangle in the 
series, which connects the North of England with the Borders oi 
Scotland : The distance of the station on Cross Fell to that on 
Wisp Hill, is computed at 235018.6 feet, or 44.511 miles, which, 
reckoning 6094^ feet for the length of a minute near that parallel, 
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corresponds, on the surface of the globe, to an arc of 38^ 33.7'^ 
Wisp Hill was. seen depressed 3(y 48'^ from Cross Fell, which 
again had a depression of 2^ 31^' when viewed from Wisp Hill. The 
sum of these depressions is 33^ 19'', which, taken from 38^ 33.7'', 
the measure of the intercepted arc, or the angle at the centre, leaves 
5' 14.7'^, for the joint effect of refraction at both stations. The da* 
flection of the visual ray produced by that cause, which the French 
philosophers estimate in general at .079, had therefore amounted 
only to .06805, or to very little more than ^^ fifteenth pait of the 
intercepted arc. Hence, the true depression of Wisp Hill was 
30' 48'' — 16' 39.5"= 14^ 8.5", and consequently, estimating from 
the given distance, it is 967 feet lower than Cross Fell. 

From Wisp Hill, the top of Cheviot appeared exactly on the same 
level, at the distance of 185023.9 feet, or 35.0424 miles. Where- 
fore, two-thirds of the square of this last number, or 1819, would 
express in feet the approximate height of Cheviot above Wisp Hill. 
But refraction gave the mountain a more towering elevation than 
it really had ; and the measure being reduced in the former ratio 
of 38' 33.7" to 33' 19", is hence brought down to 708 feet. 

1 shall subjoin another example, which affords an approximation 
to the diameter of our globe. From the station at the Observatory 
on the Calton-hill, at the altitude of 350 feet, the horizon of the 
sea was found depressed 18' 12^'. But refraction being supposed 
to have diminished the effect by one-twelfth part, if the eleventh 
part be added of this remaining quantity, there will result 19' 51^" 
for the true measure of depression. The angle at the centre is con- 
sequently the half of 19' 51 J" or 9' 55|" ; wherefore, «« 9' 55^" 
: R : : 350 : 121.205 feet, or 22.9555 miles, the distance at which 
the extreme visual ray grazes the sea* Again, sin 19' 51^^^ : R 
: : 22.9555 : 3975 miles, the radius of the earth, the double of 
which, or 7950, is a near approximation to the real measure, or 
7912. 

4. Maritime Surveying is of a mixed nature : It not only 
determines the positions of the remarkable headlands, and other 
conspicuous objects that present themselves along the vicinity of a 
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coast, but likeTfise ascertains the situation of the various inlets,^ 
rocks, shallows and soundings which occur in approaching the shore. 
To surrey a new or inaccessible coast, tiro boats are moored at a 
pnyper interval, which is carefully' iheasnred on the suHisM^e of the 
Water ; and from each boat iho bearings of all the prominent points 
of land are taken by means c^ an azimuth compass, or the angles 
sttbtended by these points and the other boat are measured by a 
Hadley's sextant. Having now drawn on paper the base to loiy 
scale, straight lines radiating from each end at the observed angles 
will by their intersections give the positions of the several points 
from which the coast may be sketched. 

But a chart is more accurately constructed, by combining a sur- 
vey made on land, with observations taken on the water. A smooth 
level piece of groimd is chosen, on which a base of considerable 
length is measured out, and station staves are fixed at its extremi* 
ties. If no such place can be found, the mutual distance and posi- 
tion of two points conveniently situate for planting the staves, though 
divided by a broken snr&ce, are determined from one or more tri- 
angles, which connect with a shorter and temporary base assumed 
Bear the beach. A boat theit explores the offing, and at every 
rock, shallow, or remarkable sounding, the bearings of the station 
staves are noticed. These observations famish so many triangles, 
from which the situation of the several points are easily ascertained. 
-^When a correct map of the coast can be procured, the labouf of 
executing a maritime survey is materially shortened. From each 
notable point of the surface of the water, the bearings of two known 
objects on the land are taken, or the intermediate angles subtend- 
ed fay three such objects are observed. In the first case, those va- 
rious points have tbe»r situations ascertained by Prop. 21. and the 
secoml case by Prop^ 25. of the Trigonometry. To fkcilitate the: 
last constmctiotti-an instrument called the JSkatum-PotHterhuiheen 
invented, consisting of three brass rulers, which open and set at the 
given angles. 



THE END. 
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